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ON THE MAZUR–ULAM PROPERTY FOR THE SPACE OF
HILBERT-SPACE-VALUED CONTINUOUS FUNCTIONS
MARI´A CUETO-AVELLANEDA, ANTONIO M. PERALTA
Abstract. Let K be a compact Hausdorff space and let H be a real or com-
plex Hilbert space with dim(HR) ≥ 2. We prove that the space C(K,H) of
all H-valued continuous functions on K, equipped with the supremum norm,
satisfies the Mazur–Ulam property, that is, if Y is any real Banach space, every
surjective isometry ∆ from the unit sphere of C(K,H) onto the unit sphere of
Y admits a unique extension to a surjective real linear isometry from C(K,H)
onto Y . Our strategy relies on the structure of C(K)-module of C(K,H) and
several results in JB∗-triple theory. For this purpose we determine the facial
structure of the closed unit ball of a real JB∗-triple and its dual space.
1. Introduction
A Banach space X satisfies the Mazur–Ulam property if for any Banach space
Y , every surjective isometry ∆ : S(X)→ S(Y ) admits an extension to a surjective
real linear isometry from X onto Y , where S(X) and S(Y ) denote the unit spheres
of X and Y , respectively. This property, which was first named by L. Cheng and Y.
Dong in [13], is equivalent to say that Tingley’s problem (see [54]) admits a positive
solution for every surjective isometry from S(X) onto the unit sphere of any other
Banach space.
Behind their simple statements, Tingley’s problem and the Mazur–Ulam prop-
erty are hard problems which remain unsolved even for surjective isometries between
the unit spheres of a couple of two dimensional normed spaces (the reader is in-
vited to take a look to the recent papers [55] and [10], where this particular case
is treated). Positive solutions to Tingley’s problem have been found for surjective
isometries ∆ : S(X)→ S(Y ) when X and Y are von Neumann algebras [29], com-
pact C∗-algebras [48], atomic JBW∗-triples [28], spaces of trace class operators [24],
spaces of p-Schatten von Neumann operators with 1 ≤ p ≤ ∞ [25], preduals of von
Neumann algebras and the self-adjoint parts of two von Neumann algebras [43].
The surveys [18, 56], and [46] are appropriate references to the reader in order to
check the state-of-the-art of this problem.
Apart from a wide list of classical Banach spaces satisfying the Mazur–Ulam
property (cf. [56, 46]), new achievements prove that this property is satisfied by
commutative von Neumann algebras [15], unital complex C∗-algebras and real von
Neumann algebras [44], and more recently, JBW∗-triples with rank one or rank
bigger than or equal to three [6]. The latest two mentioned references naturally
lead us to consider the Mazur–Ulam property on the space C(K,H) of all continuous
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functions from a compact Hausdorff spaceK into a real or complex Hilbert spaceH .
This space is not, in general, a C∗-algebra nor a JBW∗-triple because it is neither a
dual Banach space. However, it possesses a motivating structure of Hilbert C(K)-
module, and consequently, a structure of JB∗-triple, where C(K) stands for the
space C(K,C).
The main conclusions in this note prove that for every real Hilbert space H with
dim(H) ≥ 2 and every compact Hausdorff space K, the real Banach space C(K,H)
satisfies the Mazur–Ulam property (see Corollaries 5.7 and 5.8). We previously es-
tablish in Theorem 5.6 that the same property holds when we consider the complex
Banach space of continuous functions with values in a complex Hilbert space H ,
showing that each surjective isometry ∆ : S(C(K,H)) → S(Y ), where Y is a real
Banach space, extends to a surjective real linear isometry from C(K,H) onto Y .
R. Liu proved in [40, Corollary 6] that the space C(K,R), of all real continuous
functions on K, satisfies the Mazur–Ulam property.
Our strategy relies on the natural JB∗-triple structure associated with the space
C(K,H). This structure provides the key tools and results to pursue our goals.
We would like to vindicate the usefulness of techniques in JB∗-triple theory to
solve natural problems in functional analysis. In subsection 1.1 we gather a basic
background, definitions and results on JB∗-triple theory required in this note.
The paper is structured in five sections, this first one serves as introduction
and the fifth and last section contains the main conclusions. In section 2 we try
to illustrate the fact that the unit sphere of C(K,H) is metrically distinguishable
from the unit sphere of a unital C∗-algebra and from the unit sphere of a real von
Neumann algebra. More precisely, we prove in Theorem 2.1 that for any complex
Hilbert space H with dimension bigger than or equal to 2, there exists no surjective
isometry from the unit sphere of C(K,H) onto the unit sphere of a C∗-algebra.
Moreover, for a real Hilbert space H with dim(H) = 3 or dim(H) ≥ 5, there exists
no surjective isometry from the unit sphere of C(K,H) onto the unit sphere of a
real von Neumann algebra (cf. Theorem 2.2).
One of the most successful tools applied in recent studies on the Mazur–Ulam
property is derived from an accurate knowledge of the facial structure of the closed
unit ball of one of the involved Banach spaces. Weak∗-closed faces of the closed unit
ball of a JBW∗-triple and norm-closed faces of the closed unit ball of its predual
are well known thanks to the studies of C.M. Edwards and G.T. Ru¨ttimann [20].
Norm-closed faces of the closed unit ball of a general JB∗-triple and weak∗-closed
faces of the closed unit ball of its dual space were completely determined in [19, 27].
Edwards and Ru¨ttimann enlarged our knowledge with the description of the weak∗-
closed faces of the closed unit ball of a real JBW∗-triple, and of the norm-closed
faces of the unit ball of its predual (cf. [22]). Until now the structure of norm-closed
faces of a general real JB∗-triple remains unexplored, we shall devote section 3 to
culminate the study of the facial structure of the closed unit ball of a real JB∗-triple
and its dual space.
On the other hand, it is irrefutable that the extremal structure of Banach spaces
has become a focus of attention, either as main topic or as a helpful tool for under-
standing the underlying geometry. In the setting of unital C∗-algebras the Russo–
Dye theorem asserts that the closure of the convex hull of the unitary elements is
the closed unit ball. M. Mori and N. Ozawa prove in [44, Theorem 2] that every
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Banach space X such that the closed convex hull of the extreme points of its closed
unit ball has non-empty interior satisfies that every convex body K ⊂ X has the
strong Mankiewicz property, that is, every surjective isometry ∆ from K onto an
arbitrary convex subset L in a normed space Y is affine. This is a key ingredient
to prove that unital C∗-algebras, real von Neumann algebras and JBW∗-triples of
rank 1 or bigger or equal than three satisfy the Mazur–Ulam property [44, 6].
In Section 4 we revisit some results in [49, 12, 45] to establish a Krein–Milman
type theorem showing that for any compact Hausdorff space K, and every real
Hilbert space H with dim(H) ≥ 2, the closed unit ball of C(K,H) coincides with
the closed convex hull of its extreme points (cf. Proposition 4.5). We also prove
that, for each real Hilbert space H with dimension bigger than or equal to 2, every
element in a maximal norm-closed proper face of the closed unit ball of C(K,H)
can be approximated in norm by a finite convex combination of elements in that
face which are also extreme points of the closed unit ball of C(K,H) (see Corollaries
4.7 and 4.8). We further prove that certain real JB∗-subtriples of C(K,H) satisfy
the strong Mankiewicz property (cf. Propositions 4.9 and 4.10).
1.1. Basic background in JB∗-triple theory. We recall that, according to [37],
a JB∗-triple is a complex Banach space X admitting a continuous triple product
{., ., .} : X × X × X → X, which is symmetric and linear in the outer variables,
conjugate linear in the middle one, and satisfies the following axioms:
(a) L(a, b)L(x, y) = L(x, y)L(a, b) + L(L(a, b)x, y)− L(x, L(b, a)y), for all a, b, x, y
in X , where L(a, b) is the operator on X given by L(a, b)x = {a, b, x} ;
(b) For all a ∈ X , L(a, a) is a hermitian operator with non-negative spectrum;
(c) ‖{a, a, a}‖ = ‖a‖3, for all a ∈ X .
In order to provide some examples, let us consider two complex Hilbert spacesH1
and H2, and let B(H1, H2) denote the Banach space of all bounded linear operators
from H1 into H2. The space B(H1, H2) is a JB
∗-triple with respect to the triple
product defined by
(1) {x, y, z} =
1
2
(xy∗z + zy∗x).
In particular, C∗-algebras are JB∗-triples when equipped with the above triple
product. The Jordan structures enlarge the class of JB∗-triples if we consider,
for instance, the JB∗-algebras in the sense employed in [32, §3.8] under the triple
product
{x, y, z} = (x ◦ y∗) ◦ z + (z ◦ y∗) ◦ x− (x ◦ z) ◦ y∗.
Some basic facts and known results about JB∗-triples will be needed in the devel-
opment of this paper. Kaup’s Banach-Stone theorem states that a linear bijection
between JB∗-triples is an isometry if and only if it is a triple isomorphism (cf. [37,
Proposition 5.5]).
Let X be a JB∗-triple. An element e in X is said to be a tripotent if {e, e, e} = e.
In particular, the partial isometries of a C∗-algebra A are precisely its tripotent
elements if A is regarded as a JB∗-triple respect to the triple product in (1). For
each tripotent e ∈ X , there exists an algebraic decomposition of X, known as
the Peirce decomposition associated with e, which involves the eigenspaces of the
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operator L(e, e). Namely,
X = X2(e)⊕X1(e)⊕X0(e),
where Xi(e) = {x ∈ X : {e, e, x} =
i
2x} for each i = 0, 1, 2. It is easy to see that
every Peirce subspace Xi(e) is a JB
∗-subtriple of X .
The so-called Peirce arithmetic assures that {Xi(e), Xj(e), Xk(e)} ⊆ Xi−j+k(e)
if i− j + k ∈ {0, 1, 2}, and {Xi(e), Xj(e), Xk(e)} = {0} otherwise, and
{X2(e), X0(e), X} = {X0(e), X2(e), X} = 0.
The projection Pk(e) of X onto Xk(e) is called the Peirce k-projection. It is known
that Peirce projections are contractive (cf. [31, Corollary 1.2]) and satisfy that
P2(e) = Q(e)
2, P1(e) = 2(L(e, e) − Q(e)2), and P0(e) = IdE − 2L(e, e) + Q(e)2,
where Q(e) : X → X is the conjugate linear map defined by Q(e)(x) = {e, x, e}. A
tripotent e in X is called unitary (respectively, complete or maximal) if X2(e) = X
(respectively, X0(e) = {0}).
It is worth remarking that the Peirce space X2(e) is a unital JB
∗-algebra with
unit e, product x ◦e y := {x, e, y} and involution x∗e := {e, x, e}, respectively.
Actually, Kaup’s Banach-Stone theorem [37, Proposition 5.5] implies that the triple
product in X2(e) is uniquely determined by the identity
{a, b, c} = (a ◦e b
∗e) ◦e c+ (c ◦e b
∗e) ◦e a− (a ◦e c) ◦e b
∗e , (∀a, b, c ∈ X2(e)).
Elements a, b in a JB∗-triple X are said to be orthogonal (written a ⊥ b) if
L(a, b) = 0. It is known that a ⊥ b ⇔ {a, a, b} = 0 ⇔ {b, b, a} = 0 ⇔ b ⊥ a.
Let e be a tripotent in X . It follows from Peirce arithmetic that a ⊥ b for every
a ∈ X2(e) and every b ∈ X0(e). Let e and u be tripotents in X , then
u ⊥ e⇔ u± e are tripotents
(cf. [35, Lemma 3.6]).
We shall consider the following natural partial order on the set U(X), of all
tripotents in a JB∗-triple X , defined by u ≤ e if e − u is a tripotent in X with
e− u ⊥ u.
Complete tripotents play a fundamental role in the extremal structure of the
closed unit ball of a JB∗-triple X . Indeed, the extreme points of the closed unit
ball of X coincide with the complete tripotents in X (cf. [9, Lemma 4.1] and [38,
Proposition 3.5]).
A JBW∗-triple is a JB∗-triple which is also a dual Banach space (with a unique
isometric predual [5]). It is known that the second dual of a JB∗-triple is a JBW∗-
triple (compare [17]). An extension of Sakai’s theorem assures that the triple
product of every JBW∗-triple is separately weak∗-continuous (cf. [5] or [33]).
As we commented before, throughout this paper we shall exhibit some new spaces
satisfying a Krein–Milman type theorem. The starting point is the celebrated
Russo-Dye theorem (see [50]). This result naturally involves the concept of unitary
element. Let A be a unital C∗-algebra. An element u ∈ A is a unitary if it is
invertible with u−1 = u∗, i.e., uu∗ = u∗u = 1. Similarly, an element u in a unital
JB∗-algebraB is called unitary if u is Jordan invertible in B and its (unique) Jordan
inverse in B coincides with u∗ (compare [32, §3.2]). Every unital C∗-algebra A can
be regarded as a unital JB∗-algebra equipped with the Jordan product given by
a ◦ b := 12 (ab + ba), and every JB
∗-algebra is included in the class of JB∗ triples.
ON THE MAZUR–ULAM PROPERTY FOR C(K,H) 5
Fortunately, the three definitions of unitary elements given in previous paragraphs
coincide for elements in A.
Finally, we shall make a brief incursion into the theory of real JB∗-triples. A
real JB∗-triple is by definition a real closed subtriple of a JB∗-triple (see [35]).
Every JB∗-triple is a real JB∗-triple when it is regarded as a real Banach space.
As in the case of real C∗-algebras, real JB∗-triples can be obtained as real forms
of JB∗-triples. More concretely, given a real JB∗-triple E, there exists a unique
(complex) JB∗-triple structure on its algebraic complexification X = E ⊕ iE, and
a conjugation (i.e. a conjugate linear isometry of period 2) τ on X such that
E = Xτ = {z ∈ X : τ(z) = z},
(see [35]). Consequently, every real C∗-algebra is a real JB∗-triple with respect to
the product given in (1), and the Banach space B(H1, H2) of all bounded real linear
operators between two real, complex, or quaternionic Hilbert spaces also is a real
JB∗-triple with the same triple product.
As in the complex case, an element e in a real JB∗-triple E is said to be a
tripotent if {e, e, e} = e. We shall also write U(E) for the set of all tripotents in E.
It is known that an element e ∈ E is a tripotent in E if and only if it is a tripotent in
the complexification of E. Each tripotent e in E induces a Peirce decomposition of
E in similar terms to those we commented in page 3 with the exception that E2(e)
is not, in general, a JB∗-algebra but a real JB∗-algebra (i.e. a closed ∗-invariant
real subalgebra of a (complex) JB∗-algebra). Unitary and complete tripotents are
defined analogously to the complex setting. Furthermore, the extreme points of
BE coincide with the complete tripotents in the real JB∗-triple E (cf. [35, Lemma
3.3]).
Along this note, given a convex set L we denote by ∂e(L) the set of all extreme
points in L.
2. Hilbert C(K)-modules whose unit spheres are not isometrically
isomorphic to the unit sphere of a C∗-algebra
One of the aims of this paper is to exhibit the usefulness of a good knowledge
on real linear isometries between JB∗-triples to study the Mazur–Ulam property
on new classes of Banach spaces of continuous functions. We should convince the
reader that the recent outstanding achievements obtained by Mori and Ozawa for
unital C∗-algebras in [44] are not enough to conclude that some natural spaces of
vector-valued continuous functions satisfy the Mazur–Ulam property.
Suppose H is a complex Hilbert space whose inner product is denoted by 〈.|.〉,
and let K be a compact Hausdorff space. It is clear that C(K,H) is a C(K)-
bimodule with the product defined by (af)(t) = (fa)(t) = f(t)a(t) for all t ∈ K,
a ∈ C(K,H) and f ∈ C(K). We consider a sesquilinear C(K)-valued mapping on
C(K,H) given by the following assignment
〈.|.〉 : C(K,H)×C(K,H)→ C(K), 〈a|b〉(t) := 〈a(t)|b(t)〉 (t ∈ K, a, b ∈ C(K,H)).
It is easy to check that this sesquilinear mapping satisfies the following properties:
(1) 〈a|b〉 = 〈b|a〉∗;
(2) 〈fa|b〉 = f〈a|b〉;
(3) 〈a|a〉 ≥ 0 and 〈a|a〉 = 0 if and only if a = 0,
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for all a, b ∈ C(K,H), f ∈ C(K). We can therefore conclude that C(K,H) is a
Hilbert C(K)-module in the sense introduced by I. Kaplansky in [36], and conse-
quently, C(K,H) is a JB∗-triple with respect to the triple product defined by
(2) {a, b, c} =
1
2
〈a|b〉c+
1
2
〈c|b〉a, (a, b, c ∈ C(K,H)),
(see [34, Theorem 1.4]). By a little abuse of notation, the symbol 〈·|·〉 will indis-
tinctly stand for the inner product of H and the C(K)-valued inner product of
C(K,H).
Throughout this note K will stand for R or C. Given η ∈ H and a mapping
f : K → K, the symbol η ⊗ f will denote the mapping from K to H defined by
η ⊗ f(t) = f(t)η (t ∈ K). We note that η ⊗ f is continuous whenever f ∈ C(K).
We will use the juxtaposition for the pointwise product between maps whenever
such a product makes sense.
Let us consider vector-valued continuous functions on a compact Hausdorff space
K with values in a Banach space X . It is known that if e ∈ ∂e(BC(K,X)), then
‖e(t)‖ = 1 (that is, e(t) ∈ S(X)) for all t ∈ K (cf. [2, Lemma 1.4]). The reciprocal
implication is not true in general, however, if X is a strictly convex Banach space,
then we have
(3) e ∈ ∂e(BC(K,X)) if and only if ‖e(t)‖ = 1 for all t ∈ K,
(cf. [2, Remark 1.5]).
Theorem 2.1. Let K be a compact Hausdorff space, and let H be a complex Hilbert
space with dimension bigger than or equal to 2. Then there exists no surjective
isometry from the unit sphere of C(K,H) onto the unit sphere of a C∗-algebra.
Proof. Arguing by contradiction we assume the existence of a C∗-algebra A and a
surjective isometry ∆ : S(A)→ S(C(K,H)). Since A and C(K,H) are JB∗-triples,
it follows from [24, Corollary 2.5(b) and comments prior to it] that ∆(∂e(BA)) =
∂e(BC(K,H)). The non-emptiness of the set ∂e(BC(K,H)) assures that ∂e(BA) 6= ∅.
It is well known that in such case A must be unital (cf. [51, Proposition 1.6.1]). A
recent result by Mori and Ozawa shows that every unital C∗-algebra satisfies the
Mazur–Ulam property (see [44, Theorem 1]). Therefore ∆ extends to a surjective
real linear isometry T : A→ C(K,H).
Now, since T : A→ C(K,H) is a surjective real linear isometry, A is a C∗-algebra
and C(K,H) is a JB∗-triple, we can apply [16, Theorem 3.1] or [26, Theorem 3.2 and
Corollary 3.4] (see also [29, Theorem 3.1]) to deduce that T is a triple isomorphism
when A and C(K,H) are equipped with the triple products given in (1) and (2),
respectively. Let 1 denote the unit element in A. Clearly, A2(1) = A. Since ∆(1)
must be a unitary in C(K,H), in particular ∆(1)(t) ∈ S(H) for every t ∈ K (cf.
(3)). Let us fix t0 ∈ K. By applying that dim(H) ≥ 2, we can find η ∈ S(H)
satisfying 〈η|∆(1)(t0)〉 = 0. We consider the element a = η ⊗ 1, where 1 is the
unit element in C(K). In this case {∆(1),∆(1), a}(t0) =
1
2η 6= a(t0), and thus
a /∈ C(K,H)2(∆(1)). 
Let us observe another point of view to deal with C(K,H) as a real JB∗-triple.
Indeed, suppose H is a complex Hilbert space with inner product 〈.|.〉. We can
regardH as a real Hilbert space with its underlying real space and the inner product
defined by (a|b) = ℜe〈a|b〉 (a, b ∈ H), the latter real Hilbert space will be denoted
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by H
R
. In general, the inner product of a real Hilbert space will be denoted by (a|b).
Let K be a compact Hausdorff space. Let us observe that the norms of C(K,H)
and C(K,H
R
) both coincide. We can therefore reduce to the case in which H is
a real Hilbert space. We shall always consider C(K,H) as a real JB∗-triple with
respect to the triple product
{a, b, c} :=
1
2
(a|b)c+
1
2
(c|b)a.
For each x0 in H , we shall write x
∗
0 for the unique functional in H
∗ defined
by x∗0(x) = 〈x|x0〉 (x ∈ H). Given t0 ∈ K, δt0 : C(K,H) → H will stand for
the bounded linear operator defined by δt0(a) = a(t0) (a ∈ C(K,H)). Finally, let
x∗0 ⊗ δt0 denote the functional on C(K,H) given by (x
∗
0 ⊗ δt0)(a) := x
∗
0(a(t0)), for
each a ∈ C(K,H).
Theorem 2.2. Let K be a compact Hausdorff space, and let H be a real Hilbert
space with dim(H) = 3 or dim(H) ≥ 5. Then there exists no surjective isometry
from the unit sphere of C(K,H) onto the unit sphere of a real von Neumann algebra.
Proof. It is know that ∂e(BC(K,H)∗) = {z
∗ ⊗ δt : t ∈ K, z ∈ S(H)} (see [53,
Lemma 1.7 in page 197]). It is easy to check that the norm-closed linear span of
∂e(BC(K,H)∗) in C(K,H)
∗ is precisely the space
ℓ1⊕
t∈K
H. In particular, the atomic
part of the real JBW∗-triple C(K,H)∗∗, in the sense employed and studied in [47]
and [26], coincides with the direct sum
ℓ∞⊕
t∈K
H. In other words, every real or complex
Cartan factor in the atomic part of C(K,H)∗∗ coincides with the real Hilbert space
H equipped with the triple product {a, b, c} := 12 (a|b)c+
1
2 (c|b)a.
We shall argue by contradiction. Suppose A is a real von Neumann algebra and
∆ : S(A) → S(C(K,H)) is a surjective isometry. Applying [44, Theorem 1(2)] we
deduce the existence of a surjective real linear T : A→ C(K,H). The bitransposed
mapping T ∗∗ : A∗∗ → C(K,H)∗∗ also is a surjective real linear isometry. It is known
that the atomic part of A∗∗ coincides with a direct sum of the form
ℓ∞⊕
α∈Λ
B(Hα),
where each Hα is a Hilbert space over R, C, or H (see [14, Lemma 6.2] or [39, §5.3]).
Arguing as in the proof of [26, Theorem 3.2] we deduce that T ∗∗ maps the atomic
part of A∗∗ onto the atomic part of C(K,H)∗∗, furthermore, each factor in the
atomic part of A∗∗ is isometrically mapped by T ∗∗ onto a factor in the atomic part
of C(K,H)∗∗. That is, for each α ∈ Λ the restriction T ∗∗|B(Hα) : B(Hα) → H is
a surjective isometry. Since in H, equipped with the product {a, b, c} := 12 (a|b)c+
1
2 (c|b)a, the rank is one (i.e. we cannot find two non-zero orthogonal tripotents), and
T ∗∗|B(Hα) preserves orthogonal tripotents (see [35, Theorem 4.8] or [26, Proposition
2.9]) it follows that Hα must be a one dimensional Hilbert space over R, C, or H,
which is impossible because T ∗∗|B(Hα) : B(Hα) → H is a surjective real linear
isometry and dim(H) ∈ {3} ∪ {4 + n : n ∈ N}. 
3. Facial structure of real JB∗-triples revisited
This section is devoted to explore the facial structure of the closed unit ball of
a real JB∗-triple and its dual space. It is an interesting question by its own right,
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and moreover, its application will be crucial later in the study of the Mazur–Ulam
property.
The facial structure of the closed unit ball of a JBW∗-triple and its predual was
completely determined by C.M. Edwards and G.T. Ru¨ttimann in [20]. In order to
review the results, we shall recall some terminology. Let X be a real or complex
Banach space with dual space X∗. Suppose F and G are two subsets of BX and
BX∗ , respectively. Then we set
F ′ = F ′,X
∗
= {a ∈ BX∗ : a(x) = 1 ∀x ∈ F},
G′ = G′,X = {x ∈ BX : a(x) = 1 ∀a ∈ G}.
Clearly, F ′ is a weak∗-closed face of BX∗ and G′ is a norm-closed face of BX . We say
that F is a norm-semi-exposed face of BX (respectively, G is a weak∗-semi-exposed
face of BX∗) if F = (F ′)′ (respectively, G = (G′)′). It is known that the mappings
F 7→ F ′ and G 7→ G′ are anti-order isomorphisms between the complete lattices
Sn(BX), of norm-semi-exposed faces of BX , and Sw∗(BX∗), of weak∗-semi-exposed
faces of BX∗ , and are inverses of each other.
Recall that a partially ordered set P is called a complete lattice, if, for any
subsets of S ⊆ P , the supremum and the infimum of S exist in P . It is shown in
[20, Corollary 4.3] that, for each JBW∗-triple M , the set U˜(M), of all tripotents
in M with a largest element adjoined, is a complete lattice with respect to the
ordering defined in page 4.
LetM be a JBW∗-triple. The main achievements in [20] prove that every weak∗-
closed face of BM is weak∗-semi-exposed; furthermore, the mapping
(4) u 7→ ({u}′)
′ = u+ BM0(u)
is an anti-order isomorphism from the complete lattice U˜(M) onto the complete
lattice Fw∗(BM ) of weak∗-closed faces of BM (cf. [20, Theorem 4.6]). Concerning
the facial structure ofM∗, the same authors proved in [20, Theorem 4.4] that every
norm-closed face of BM∗ is norm-semi-exposed, and the mapping
(5) u 7→ {u}′
is an order isomorphism from U˜(M) onto the complete lattice Fn(BM∗) of norm-
closed faces of BM∗ .
In 1992, C.A. Akemann and G.K. Pedersen studied the norm-closed faces of
the closed unit ball of a C∗-algebra A and the weak∗-closed faces of BA∗ (see [1]).
We had to wait until 2010 to have a description of the norm-closed faces of the
closed unit ball of a JB∗-triple ([19]). A JB∗-triple X might contain no non-trivial
tripotents, while the set of all tripotents in X∗∗ is too big to be in one-to-one
correspondence with the set of norm-closed faces of BX . The appropriate set is
the set of all compact tripotents in X∗∗. We continue refreshing the notion of
compactness.
Let a be a norm-one element in a JB∗-triple X , and let Xa denote the JB
∗-
subtriple generated by a, that is, the closed subspace generated by all odd powers
a[2n+1], where a[1] = a, a[3] = {a, a, a}, and a[2n+1] = {a, a, a[2n−1]} (n ≥ 2). It is
known that there exists an isometric triple isomorphism Ψ : Xa → C0(L) satisfying
Ψ(a)(s) = s, for all s in L (compare [37, 1.15]), where C0(L) is the abelian C
∗-
algebra of all complex-valued continuous functions on L vanishing at 0, L being
a locally compact subset of (0, ‖a‖] satisfying that ‖a‖ ∈ L ∪ {0} is compact. If
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f : L∪{0} → C is a continuous function vanishing at 0, the triple functional calculus
of f at the element a is the unique element ft(a) ∈ Xa, defined by ft(a) = Ψ−1(f).
We can define this way a[
1
2n+1 ] := (rn)t(a), where rn(s) = s
1
2n+1 (s ∈ L) and n ∈ N.
When X is regarded as a JB∗-subtriple of X∗∗, the triple functional calculus
f 7→ ft(a) admits an extension, denoted by the same symbol, from C0(L) to the
commutative W∗-algebra W generated by C0(L), onto the JBW
∗-subtriple X∗∗a
of X∗∗ generated by a. Observe that the sequences (a[
1
2n−1 ])n and (a
[2n−1])n in
C0(L) converge in the weak
∗-topology of C0(L)
∗∗ to the characteristic functions χL
and χ{1} of the sets L and {1}, respectively. The corresponding limits define two
tripotents in X∗∗a which are called the range tripotent and the support tripotent of
a, respectively. These tripotents will be denoted by r(a) and u(a), respectively.
For each functional ϕ in the predual, M∗, of a JBW
∗-triple M there exists a
unique tripotent s(ϕ) (called the support tripotent of ϕ) such that ϕ = ϕP2(s(ϕ))
and ϕ|M2(s(ϕ)) is a faithful normal positive functional on the JBW
∗-algebraM2(s(ϕ))
(cf. [31, Proposition 2]).
We are interested in a special property satisfied by the support tripotent. Sup-
pose a is a norm-one element in a JB∗-triple X . Since a = u(a) + (a − u(a)) with
u(a) ⊥ (a − u(a)) in X∗∗, it follows from [31, Proposition 1] that {u(a)}′,X∗ ⊆
{a}′,X
∗
. However, if φ ∈ X∗ satisfies ‖φ‖ = 1 = φ(a), we deduce from the def-
inition of the support tripotent of φ in X∗∗ that P2(s(φ))(a) = s(φ), and hence
a = s(φ) + P0(s(φ))(a) in X
∗∗ (cf. [31, Lemma 1.6]). We therefore conclude that
u(a) ≥ s(φ) in X∗∗, and thus φ(u(a)) = 1, witnessing that {u(a)}′,X∗ = {a}′,X
∗
and consequently,
(6)
(
{a}′,X
∗
)′,X∗∗
= ({u(a)}′,X∗)
′,X∗∗
.
A tripotent u in the JBW∗-triple X∗∗ is said to be compact-Gδ if u coincides
with the support tripotent of a norm-one element in X . The tripotent u is said to
be compact if u = 0 or there exists a decreasing net of compact-Gδ tripotents in
X∗∗ whose infimum is u (compare [21, §4]). Henceforth we shall write U˜c(X
∗∗) for
the set of all compact tripotents in X∗∗ with a largest element adjoined. Having
these notions in mind we can understand the main result in [19]: Every norm-closed
face of BX is norm-semi-exposed and the mapping
u 7→ ({u}′)′ = (u+ BX∗∗0 (u)) ∩X
is an anti-order isomorphism from U˜c(X∗∗) onto the complete lattice Fn(BX) of
norm-closed faces of BX (cf. [19, Corollaries 3.11 and 3.12]). The study is completed
in [27], where it is shown that the mapping
u 7→ {u}′
is an order isomorphism from U˜c(X∗∗) onto the complete lattice Fw∗(BX∗) of weak∗-
closed faces of BX∗ .
In the setting of real JBW∗-triples, C.M. Edwards and G.T. Ru¨ttimann proved
in [22] that the conclusions in (4) and (5) holds when M is a real JBW∗-triple.
However, as long as we know, the facial structure of the closed unit ball of a real
JB∗-triple remains unexplored. We shall try to fill this gap.
We begin with a very basic result. Let us consider a complex Banach space X
equipped with a conjugation τ : X → X (a conjugate linear isometry of period 2),
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and set E = Xτ = {x ∈ X : τ(x) = x}. The mapping P : X → X defined by
P (x) = 12 (x + τ(x)) (x ∈ X), is a contractive real linear projection whose image
is E. The mapping τ ♯ : X∗ → X∗, τ ♯(ϕ)(x) := ϕ(τ(x)) (x ∈ X , ϕ ∈ X∗) is
a conjugation on X∗, and the correspondence ϕ 7→ ϕ|E defines a surjective real
linear isometry from (X∗)τ
♯
onto E∗. We can similarly define a conjugation τ ♯♯ on
X∗∗ satisfying that (X∗∗)τ
♯♯
is isometrically isomorphic to E∗∗. In particular, the
weak∗-topology of E∗∗ coincides with the restriction to E∗∗ of the weak∗-topology
of X∗∗. Clearly, if a functional ϕ in X∗ is a τ ♯-symmetric (equivalently, ϕ ∈ E∗),
its support tripotent in X∗∗ is τ ♯♯-symmetric and hence lies in E∗∗.
Let F be a subset of BE . We set F := P−1(F )∩BX . It is standard to check that
(7) F ∈ Fn(BE)⇔ F ∈ Fn(BX).
Henceforth we assume that X is a complex JB∗-triple, and thus E is a real
JB∗-triple. Proposition 5.5 in [37] assures that τ is a conjugate linear triple auto-
morphism. It is not hard to see that U(E) = U(X)τ = {e ∈ U(X) : τ(e) = e}, and
what is even more interesting U(E∗∗) = U(X∗∗)τ
♯♯
= {e ∈ U(X∗∗) : τ ♯♯(e) = e}. It
follows from [22, Lemma 3.4(ii)] that the set U˜(E∗∗) of all tripotents in E∗∗ with
a largest element adjoined is a sub-complete lattice of U˜(X∗∗).
If a is a norm-one element in E (that is, an element in X with τ(a) = a). Since
τ(a[
1
2n−1 ]) = τ(a)[
1
2n−1 ] = a[
1
2n−1 ] and τ(a[2n−1]) = a[2n−1], for all natural n, E∗∗ is
weak∗-closed in X∗∗, and τ ♯♯ is weak∗-continuous, we deduce that τ ♯♯(r(a)) = r(a)
and τ ♯♯(u(a)) = u(a), that is, the range and support tripotents of a in X∗∗ are τ ♯♯-
symmetric elements in X∗∗, and thus they both are tripotents in E∗∗, called range
and support tripotents of a in E∗∗. Combining (6) with the previous conclusions
we get
(8) {a}′,E
∗
= {u(a)}′,E∗ , and
(
{a}′,E
∗
)′,E∗∗
= ({u(a)}′,E∗)
′,E∗∗
.
Thanks to the above facts, the notion of compact tripotent fits well in the setting
of real JB∗-triples. A tripotent u in E∗∗ will be called compact-Gδ if u coincides
with the support tripotent of a norm-one element in E. The tripotent u is called
compact if u = 0 or there exists a decreasing net of compact-Gδ tripotents in E
∗∗
whose infimum is u. As in the complex setting, we shall write U˜c(E∗∗) for the set
of all compact tripotents in E∗∗ with a largest element adjoined.
It is absolutely clear that every compact(-Gδ) tripotent in E
∗∗ is a τ ♯♯-symmetric
compact(-Gδ) tripotent in X
∗∗. The reciprocal is not obvious. To prove it we shall
extend a result of Edwards and Ru¨ttimann which affirms that a tripotent u ∈ X∗∗
is compact if and only if the face {u}′,X∗ is weak∗-semi-exposed in BX∗ (cf. [21,
Theorem 4.2]). We recall first a lemma borrowed from [22].
Lemma 3.1. [22, Lemma 3.6] Let τ be a conjugation on a JB∗-triple X, and let
E = Xτ . Then for each tripotent u ∈ E∗∗ = (X∗∗)τ
♯♯
we have
{u}′,E∗ = ({u}′,X∗)
τ♯ = {u}′,X∗ ∩ E
∗ = {u}′,X∗.
We establish next a real version of [21, Theorem 4.2].
Proposition 3.2. Let τ be a conjugation on a JB∗-triple X, and let E = Xτ . A
tripotent u in the real JBW∗-triple E∗∗ is compact if and only if {u}′,E∗ is weak∗-
semi-exposed in BE∗.
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Proof. Suppose u is a non-trivial compact tripotent in E∗∗. According to what we
commented before this proposition, u is a τ ♯♯-symmetric compact tripotent in X∗∗.
Theorem 4.2 in [21] implies that {u}′,X∗ is weak∗-semi-exposed in BX∗ , that is(
({u}′,X∗)′,X
)′,X∗
= {u}′,X∗.
It follows from Lemma 3.1 that
{u}′,E∗ = ({u}′,X∗)
τ♯
= {u}′,X∗ ∩ E
∗ = {u}′,X∗.
We shall next show that the non-empty set ({u}′,X∗)′,X ⊆ S(X) is τ -symmetric.
Take x ∈ ({u}′,X∗)′,X and ϕ ∈ {u}′,X∗ = {u}′,E∗ . Since τ
♯(ϕ) = ϕ ∈ {u}′,X∗ we
have
1 = τ ♯(ϕ)(x) = ϕ(τ(x)) = ϕ(τ(x)),
witnessing that τ(x) ∈ ({u}′,X∗)′,X , and thus τ
(
({u}′,X∗)′,X
)
= ({u}′,X∗)′,X . We
have also shown that for each x ∈ ({u}′,X∗)′,X and ϕ ∈ {u}′,X∗ we have
1 = ϕ
(
x+ τ(x)
2
)
≤
∥∥∥∥x+ τ(x)2
∥∥∥∥ ≤ 1.
It follows from the above that ({u}′,X∗)′,X ∩E is a non-empty subset of S(E) which
coincides with ({u}′,E∗)′,E and
(9)
(
({u}′,E∗)′,E
)′,E∗
= {u}′,E∗,
which guarantees that {u}′,E∗ is weak∗-semi-exposed in BE∗ .
Suppose now that {u}′,E∗ is weak∗-semi-exposed in BE∗ , that is, the equality
in (9) holds. We can literally follow the arguments contained in the proof of [21,
Theorem 4.2]. The details are included here for completeness reasons. It follows
from the equality in (9) that the convex set ({u}′,E∗)′,E is a non-empty norm-
closed face of BE . For each a ∈ ({u}′,E∗)′,E let face(a) denote the smallest face
of BE containing {a} and set Λ = {face(a) : a ∈ ({u}′,E∗)′,E}. Since for each
a1, a2 ∈ ({u}′,E∗)′,E , both face(a1) and face(a2) are contained in face(
1
2 (a1 + a2)),
we conclude that Λ is a partially ordered by set inclusion which is upward directed.
We can further check that if
a1 ∈ face(a1) ⊆ face(a2) ⊆
(
{a2}
′,E∗
)′,E∗∗
= (by (8)) = ({u(a2)}′,E∗)
′,E∗∗ ,
then
({u(a1)}′,E∗)
′,E∗∗
=
(
{a1}
′,E∗
)′,E∗∗
⊆
(((
{a2}
′,E∗
)′,E∗∗)
′,E∗
)′,E∗∗
=
((
({u(a2)}′,E∗)
′,E∗∗
)
′,E∗
)′,E∗∗
= ({u(a2)}′,E∗)
′,E∗∗
.
The description of the weak∗-closed faces in BE∗∗ proved in [22, Theorem 3.9] gives
u(a1) ≥ u(a2).
We define a net now. For each µ ∈ Λ we set uµ = u(a), where a ∈ ({u}′,E∗)′,E
satisfies µ = face(a). We have shown in the previous paragraphs that {uµ}µ∈Λ is a
decreasing net of compact-Gδ in E
∗∗. In particular, the net {uµ}µ∈Λ converges in
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the weak∗-topology of E∗∗ to its infimum. Let v denote this infimum, which is, by
definition, a compact tripotent in E∗∗.
For each µ ∈ Λ, we have uµ = u(a), with a ∈ ({u}′,E∗)′,E . Therefore
({uµ}′,E∗)
′,E∗∗
= ({u(a)}′,E∗)
′,E∗∗
=
(
{a}′,E
∗
)′,E∗∗
⊆ ({u}′,E∗)
′,E∗∗
,
which by a new application of [22, Theorem 3.9], proves u ≤ uµ for every µ ∈ Λ,
and consequently, u ≤ v.
Finally, for each a ∈ ({u}′,E∗)′,E , we know that v ≤ u(a) = uµ with µ = face(a),
which implies that {v}′,E∗ ⊆ {uµ}′,E∗ = {a}′,E
∗
. We deduce from the arbitrariness
of a ∈ ({u}′,E∗)′,E that {v}′,E∗ ⊆
(
({u}′,E∗)′,E
)′,E∗
= {u}′,E∗, where the last
equality follows from the hypothesis. Therefore v ≤ u (cf. [22, Theorem 3.7 or
3.9]), witnessing that u = v is a compact tripotent in E∗∗. 
We can now prove that compact tripotents in the second dual of a real JB∗-triple
are compact in the second dual of its complexification.
Corollary 3.3. Let τ be a conjugation on a JB∗-triple X, and let E = Xτ . Suppose
u is a tripotent in E∗∗. Then the following assertions are equivalent:
(a) u is compact in E∗∗;
(b) u is compact in X∗∗.
Proof. The implication (a)⇒ (b) has been commented before Lemma 3.1.
(b) ⇒ (a) Suppose that u is compact in X∗∗. Theorem 4.2 in [21] assures that
{u}′,X∗ is weak∗-semi-exposed. Lemma 3.1 shows that {u}′,X∗ = {u}′,E∗. The
arguments in the proof of the “only if” implication in Proposition 3.2 assure that
{u}′,E∗ is weak
∗-semi-exposed in BE∗ . The “if” implication of Proposition 3.2
proves that u is compact in E∗∗. 
In the setting of (complex) JB∗-triples a new characterization of compact tripo-
tents in the second dual has been recently established in [6]. The concrete result
reads as follows:
Theorem 3.4. [6, Theorem 3.6] Let X be a JB∗-triple. Suppose F is a proper
weak∗-closed face of the closed unit ball of X∗∗. Then the following statements are
equivalent:
(a) F is open relative to X, that is, F ∩X is weak∗-dense in F ;
(b) F is a weak∗-closed face associated with a non-zero compact tripotent in X∗∗,
that is, there exists a unique non-zero compact tripotent u in X∗∗ satisfying
F = u+ BX∗∗0 (u). 
We shall make use of the previous theorem to determine the norm-closed faces
of the closed unit ball of a real JB∗-triple.
Theorem 3.5. Let τ be a conjugation on a JB∗-triple X, and let E = Xτ . Then
for each norm-closed proper face F of BE there exists a unique compact tripotent
u ∈ E∗∗ satisfying F = (u + BE∗∗0 (u)) ∩ E. Furthermore, the mapping
u 7→ ({u}′,E∗)′,E = (u+ BE∗∗0 (u)) ∩ E
is an anti-order isomorphism from U˜c(E
∗∗) onto Fn(BE).
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Proof. Suppose F is a norm-closed proper face of BE . Let P =
1
2 (IdX + τ). Then
P is a contractive real linear projection on X whose image is E. By (7), the set
F := P−1(F )∩BX is a norm-closed proper face of BX . It is not hard to check that,
since P (τ(x)) = P (x), for all x ∈ X , we have τ(F) = F. By [19, Corollary 3.12]
there exists a unique compact tripotent u ∈ X∗∗ satisfying F = ({u}′,X∗)′,X =
(u+ BX∗∗0 (u)) ∩X . An application of Theorem 3.4 guarantees that
τ ♯♯(u)+BX∗∗0 (τ♯♯(u)) = τ
♯♯(u+BX∗∗0 (u)) = τ
♯♯(F
w∗
) = τ(F)
w∗
= F
w∗
= u+BX∗∗0 (u).
A new application of [19, Corollary 3.12], implies that τ ♯♯(u) = u ∈ E∗∗. Corollary
3.3 shows that u is compact in E∗∗, and it is not hard to check that F = F ∩ E =
Fτ = (u+ BE∗∗0 (u)) ∩E, as desired. The rest is clear.

We can now prove the main goal of this subsection which is a tool required for
latter purposes.
Theorem 3.6. Let τ be a conjugation on a JB∗-triple X, and let E = Xτ . Suppose
F is a proper weak∗-closed face of the closed unit ball of E∗∗. Then the following
statements are equivalent:
(a) F is open relative to E, that is, F ∩E is weak∗-dense in F ;
(b) F is a weak∗-closed face associated with a non-zero compact tripotent in E∗∗,
that is, there exists a unique non-zero compact tripotent u in E∗∗ satisfying
F = FE
∗∗
u = u+ BE∗∗0 (u).
Proof. Let P = 12 (IdX + τ
♯♯). Then P is a contractive weak∗-continuous real linear
projection on X∗∗ whose image is E∗∗. It is shown in [22, Theorem 3.9] shows that
F ⊆ BE∗∗ is a proper weak∗-closed face if and only if F := P−1(F ) ∩ BX∗∗ is a
proper weak∗-closed face of BX∗∗ . Since F is τ ♯♯-symmetric and F = Fτ
♯♯
∩ E, it
is not hard to check that F ∩X
w∗
= F if and only if F ∩ E
w∗
= F . Therefore the
desired equivalence is a consequence of Theorem 3.4 and Corollary 3.3. 
It remains to determine the weak∗-closed faces in the closed unit ball of the dual
space of a real JB∗-triple.
Theorem 3.7. Let τ be a conjugation on a JB∗-triple X, and let E = Xτ . Then
for each weak∗-closed proper face F of BE∗ there exists a unique compact tripotent
u ∈ E∗∗ satisfying F = {u}′,E∗. Furthermore, the mapping
u 7→ {u}′,E∗
is an order isomorphism from U˜c(E∗∗) onto Fw∗(BE).
Proof. As before, we set P = 12 (IdX + τ) and Q =
1
2 (IdX + τ
♯). Then P and Q
are contractive real linear projections on X and X∗ whose images are E and E∗,
respectively, and Q is weak∗-continuous. The set F is a weak∗-closed proper face
of BE∗ if and only if the set F := Q−1(F ) ∩ BX∗ is a weak∗-closed proper face
of BX∗ . By [27, Theorem 2] there exists a (unique) compact tripotent u ∈ X∗∗
satisfying F = {u}′,X∗. Clearly, F is τ ♯-symmetric and F = Fτ
♯
= F∩E∗. We have
commented in previous pages that τ and τ ♯♯ are triple automorphisms on X and
X∗∗, respectively. Then, we can easily check that
{u}′,X∗ = F = τ
♯ (F) = τ ♯ ({u}′,X∗) = {τ
♯♯ (u)}′,X∗ ,
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witnessing that τ ♯♯ (u) = u. Corollary 3.3 proves that u is a compact tripotent in
E∗∗. Finally, F = F ∩ E∗ = {u}′,E∗. 
4. New spaces satisfying a Krein–Milman type theorem
A convex subset K of a normed space X is called a convex body if it has non-
empty interior in X . The Mazur–Ulam theorem establishes that every surjective
isometry between normed spaces is always affine. In [41] P. Mankiewicz extended
this result by showing that any surjective isometry defined between convex bodies
in two arbitrary normed spaces is the restriction of a unique affine isometry be-
tween the whole spaces. Mankiewicz’s theorem has become a fundamental tool for
researchers working on positive solutions to Tingley’s problem or on new Banach
spaces satisfying the Mazur–Ulam property.
In relation with these questions, M. Mori and N. Ozawa have recently contributed
by introducing a new point of view (see [44]). Following the just quoted authors, we
shall say that a convex subsetK of a normed spaceX satisfies the strong Mankiewicz
property if every surjective isometry ∆ from K onto an arbitrary convex subset L
in a normed space Y is affine. Every convex subset of a strictly convex normed
space satisfies the strong Mankiewicz property because it is uniquely geodesic (see
[4, Lemma 6.1]), and there exist examples of convex subsets of L1[0, 1] which do
not satisfy this property (see [44, Example 5]). In [44, Theorem 2] Mori and Ozawa
establish the following variant of Mankiewicz’s theorem.
Theorem 4.1. [44, Theorem 2] Let X be a Banach space such that the closed convex
hull of the extreme points, ∂e(BX), of the closed unit ball, BX, of X has non-empty
interior in X. Then, every convex body K ⊂ X has the strong Mankiewicz property.
Furthermore, suppose L is a convex subset of a normed space Y , and ∆ : BX → L
is a surjective isometry. Then ∆ can be uniquely extended to an affine isometry
from X onto a norm-closed subspace of Y . 
By combining the previous result with the Russo–Dye theorem, Mori and Ozawa
proved that every convex body in unital C∗-algebra or in a real von Neumann
algebra satisfies the strong Mankiewicz property (see [44, Corollary 3]). A deeper
application of the facial structure of unital C∗-algebras leads Mori and Ozawa to a
significant achievement in the study of the Mazur–Ulam property.
Theorem 4.2. [44, Theorem 1] Every unital complex C∗-algebra (as a real Banach
space) and every real von Neumann algebra has the Mazur–Ulam property.
It is worth mentioning that concerning the strong Mankiewicz and the Mazur–
Ulam properties, a version of the Mori-Ozawa theorem has been recently established
in the wider setting of JBW∗-triples.
Theorem 4.3. [6, Corollary 2.2, Theorem 4.14 and Proposition 4.15] Every convex
body in a JBW∗-triple satisfies the strong Mankiewicz property. Every JBW∗-triple
which is not a Cartan factor of rank two satisfies the Mazur–Ulam property.
The previous two theorems reveal the noticeable applicability of Theorem 4.1 in
the study of those problems asking for extension of isometries between the spheres
of two Banach spaces. This powerful tool is limited to those Banach spaces whose
closed unit ball coincides with the closed convex hull of its extreme points. For this
reason, we survey some forerunners where the latter property has been studied.
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W.G. Bade proved that co(∂eBC(K,R)) is dense in the closed unit ball of the space
C(K,R), of all real-valued continuous functions on a compact Hausdorff space K, if
and only if K is totally disconnected (see [3]). The complex case was considered by
R.R. Phelps in [49], where he showed that the closed unit ball of the commutative
unital C∗-algebra C(K) coincides with the closed convex hull of its extreme points.
Since the extreme points of the closed unit ball of C(K) are precisely the unitary
elements in C(K), Phelps provided in fact a particular case of the celebrated Russo–
Dye theorem ([50]), which states that the closed unit ball of any unital C∗-algebra
agrees with the closed convex hull of its unitary elements.
When the complex field is replaced with a general Banach spaceX with dim(X) ≥
3, the notion of unitary element does not make any sense in the space C(K,X),
of all X-valued continuous functions on K. In the setting of C(K,X) spaces the
problem of determining whether its closed unit ball coincides with the closed con-
vex hull of its extreme points was explored by authors like J. Cantwell [12], N.T.
Peck [45], J.F. Mena-Jurado, J.C. Navarro-Pascual and V.I. Bogachev [42, 7]. Since
the notion of unitary is no longer applicable, these results are called Krein–Milman
type theorems.
All the comments above provide sufficient motivation for identifying new exam-
ples of Banach spaces satisfying a Krein–Milman type theorem. Some of them can
be obtained by certain “hyperplanes” associated with multiplicative functionals on
unital C∗-algebras. Let A be a unital C∗-algebra and suppose ϕ : A → C is a
homomorphism. We observe first that ϕ is automatically continuous (cf. [8, §16,
Proposition 3]). We can therefore apply the Gleason-Kahane-Z˙elazko theorem [57,
Theorem 2] to deduce that ϕ is in fact a ∗-homomorphism, that is, ϕ(a∗) = ϕ(a)∗,
for every element a in A. Consequently, ϕ is a triple homomorphism for the triple
product when A and C both are equipped with the tripe product defined in (1).
However, given λ ∈ T, the non-zero functional ψ = λϕ : A → C is a triple homo-
morphism which is not multiplicative.
It is worth noting that every triple homomorphism ψ : A→ C can be expressed
as a product of an element λ ∈ T and a ∗-homomorphism ϕ : A → C. We note
that every triple homomorphism ψ from a JB∗-triple E into C is automatically
continuous (cf. [37, Lemma 1.6]). Suppose ψ 6= 0. Since for every a ∈ A we have
ψ(a) = ψ{a, 1, 1} = {ψ(a), ψ(1), ψ(1)} = ψ(a)ψ(1)ψ(1), it follows that ψ(1) ∈ T
because ψ 6= 0. It is standard to check that the mapping ϕ = ψ(1)ψ is a Jordan
∗-homomorphism from A onto C. We can therefore apply [57, proof of Theorem 1]
to deduce that ϕ is a ∗-homomorphism, and ψ = ψ(1)ϕ.
Let A be a unital C∗-algebra, let ϕ : A → C be a (continuous) multiplicative
functional, and let Aϕ
R
:= ϕ−1(R) = {a ∈ A : ϕ(a) ∈ R}. Clearly Aϕ
R
is a real
C∗-subalgebra of A. M. Mori and N. Ozawa prove in [44, Lemma 19] that BAϕ
R
coincides with the closed convex hull of the unitary elements in Aϕ
R
. The next
statement somehow extends this conclusion to the triple setting. The result also
shows a new class of real JB∗-triples satisfying a Krein–Milman type theorem.
Proposition 4.4. Let A be a unital C∗-algebra and let ψ : A→ C be a (continuous)
non-zero triple homomorphism. Then the closed unit ball of the real JB∗-triple
Aψ
R
:= ψ−1(R) coincides with the closed convex hull of unitary tripotents in Aψ
R
.
Consequently, B
A
ψ
R
and every convex body K ⊂ Aψ
R
satisfy the strong Mankiewiecz
property.
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Proof. The observations made above guarantee the existence of a non-zero and
(continuous) multiplicative functional ϕ : A→ C and an element λ in T such that
ψ = λϕ. If we write Aϕ
R
= {b ∈ A : ϕ(b) ∈ R}, it is clear that Aψ
R
= ψ−1(R) =
(λϕ)−1(R) = {a ∈ A : ϕ(a) ∈ λR} = λAϕ
R
. Therefore, B
A
ψ
R
= BλAϕ
R
= λBAϕ
R
.
Let us pick now a ∈ B
A
ψ
R
and ε > 0. We have shown that there exists b ∈ BAϕ
R
such that a = λb. It is shown in the proof of [44, Lemma 19] that there exist unitary
elements u1, . . . , un in the real C
∗-algebraAϕ
R
and α1, . . . , αn in [0, 1] with
n∑
j=1
αj = 1
satisfying
∥∥∥∥∥b− n∑j=1αjuj
∥∥∥∥∥ < ε. Therefore,
∥∥∥∥∥a− n∑j=1αjλuj
∥∥∥∥∥ =
∥∥∥∥∥λb− n∑j=1αjλuj
∥∥∥∥∥ =∥∥∥∥∥b− n∑j=1αjuj
∥∥∥∥∥ < ε. Finally, we observe that λu1, . . . , λun are unitary tripotents in
Aψ
R
. The final conclusion follows from Theorem 4.1 and [44, Lemma 4]. 
A Krein-Milan type theorem for the space C(K,H) is essentially known in the
literature.
Proposition 4.5. [49, 12, 45] Let K be a compact Hausdorff space and let H be a
real Hilbert space with dim(H) ≥ 2. Then the closed unit ball of C(K,H) coincides
with the closed convex hull of its extreme points. Consequently, every convex body
in C(K,H) satisfies the strong Mankiewicz property.
Proof. If dim(H) = n ∈ N, we can identify the Hilbert space H with ℓn2 (R). If
n = 2, R. Phelps proved in [49, Theorem 1] that the convex hull of the extreme
points of BC(K) is always dense in the closed unit ball. If n > 2, the same conclusion
holds by [12, Theorem I and Remark]. On the other hand, if dim(H) =∞, then the
closed unit ball of C(K,H) coincides with the convex hull of its extreme points by
[45, Theorem 5]. Therefore, in both cases C(K,H) satisfies a Krein–Milman type
theorem and the thesis of our proposition derives from Theorem 4.1. 
The following technical lemma is required for later purposes.
Lemma 4.6. Let K be a compact Hausdorff space and let H be a real Hilbert space
with dim(H) = n ≥ 2. Suppose t0 ∈ K and x0 ∈ S(H). If a ∈ BC(K,H) is such that
a(t0) ∈ Rx0 and ε > 0 is small enough. Then the following statements hold:
(a) If H is infinite dimensional, then there exists a non-vanishing function b in
BC(K,H) such that b(t0) ∈ Rx0 and ‖a − b‖ < ε. If a(t0) 6= 0, we can also
assume that b(t0) = a(t0);
(b) If H is finite dimensional, then there exist non-vanishing continuous functions
b1, . . . , bk in BC(K,H) such that bj(t0) ∈ Rx0, for every j ∈ {1, . . . , k}, and∥∥∥a− 1k∑kj=1 bj∥∥∥ ≤ ε. If a(t0) 6= 0, we can also assume that bj(t0) = a(t0) for
all j ∈ {1, . . . , k}.
Furthermore, for each j in {0, . . . , k} there exit vj ∈ C(K,H) satisfying
‖vj(t)‖ = 1, and (bj(t)|vj(t)) = 0, for all t ∈ K, and thus uj = bj + (1 −
‖bj(·)‖2)
1
2 vj , wj = bj − (1 − ‖bj(·)‖2)
1
2 vj both lie in ∂e(BC(K,H)) and bj =
1
2 (uj + wj).
Proof. Take a ∈ BC(K,H) such that a(t0) = λx0, with λ ∈ R, and ε > 0. We shall
split the proof into two cases.
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Case 1: Suppose H is infinite dimensional.
If λ ∈ R\{0}, then clearly 1 ≥ ‖a‖ ≥ |λ| > 0. By [45, Corollary after Proposition
2 ] applied to |λ|/2 > ε/2 > 0, there exists b ∈ BC(K,H) which is a non-vanishing
function (i.e. ‖b(t)‖ ≥ m > 0 for every t ∈ K, and somem ∈ R+) such that for each
t ∈ K, ‖b(t)‖ < ε/2 if ‖a(t)‖ < ε/2, and b(t) = a(t) if ‖a(t)‖ ≥ ε/2. It is not hard
to check that ‖a− b‖ < ε, and b(t0) = a(t0) = λx0 because ‖a(t0)‖ = |λ| > ε/2.
On the other hand, if λ = 0, that is, if a(t0) = 0, let us consider the open
set Uε = {t ∈ K : ‖a(t)‖ < ε/2}. By Urysohn’s lemma there exists a continuous
function f : K → R such that 0 ≤ f ≤ 1, f(t0) = 1 and f |K\Uε ≡ 0. Define
a˜ = a+(ε/2)x0⊗f ∈ C(K,H), which lies in the closed unit ball for ε small enough
(ε ≤ 1). Note that ‖a − a˜‖ ≤ ε/2. Since a˜(t0) = (ε/2)x0 and ε/2 6= 0, we have
shown before that there exists a non-vanishing function b ∈ BC(K,H) such that for
each t ∈ K, ‖b(t)‖ < ε/4 if ‖a˜(t)‖ < ε/4, and b(t) = a˜(t) if ‖a˜(t)‖ ≥ ε/4 (cf.
[45, Corollary after Proposition 2 ]). Therefore b(t0) = a˜(t0) = (ε/2)x0. It is also
clear that ‖a˜− b‖ < ε/2, and thus ‖a− b‖ ≤ ‖a− a˜‖+ ‖a˜− b‖ < ε/2 + ε/2 = ε as
desired.
Case 2 Suppose dim(H) = n ≥ 2.
As before, let us distinguish the cases λ = 0 and λ 6= 0. Let us first assume
that |λ| ≥ 2ε > 0 with ε small enough. Following the arguments due to R.C. Sine
and N.T. Peck (see [45, proof of Theorem 1]), for α, β > 0 and z0 ∈ S(H), we
shall consider B(z0, α) = {z ∈ S(H) : ‖z − z0‖ < α} and the wedge W (z0, α, β) :=
co(B(z0, α) ∪ {−βz0}).
For every ε > 0, there exists k ∈ N such that 1
k
< ε2 . Find z1, · · · , zk ∈ S(H),
α1, · · · , αk ∈ R+ and β1, · · · , βk ∈ R+, satisfying:
• The sets {W (zj, αj , βj) : j = 1, . . . , k} are pointwise disjoint outside the closed
ball in H centered in zero with radius ε/2;
• W (xj , αj , βj) ∩ Rx0 ⊆ [−εx0, εx0], for every j = 1, . . . , k.
Let us now define ϕj : BH → BH \ W˚ (zj , αj , βj) given by ϕj(z) = z if z /∈
W (zj, αj , βj), and for z ∈ W (zj, αj , βj), ϕj(z) is obtained by projecting z parallel
to −zj until it hits the boundary of W (zj , αj , βj). The number βj can be chosen
such that ‖ϕj(z)‖ ≤ ε/2, for every ‖z‖ ≤ ε/2. We claim that
(10)
∥∥∥∥∥∥z − 1k
k∑
j=1
ϕj(z)
∥∥∥∥∥∥ ≤ ε, for every z ∈ BH.
Namely, if we take z ∈ BH with ‖z‖ ≤ ε/2, then
∥∥∥z − 1k∑kj=1 ϕj(z)∥∥∥ ≤ ‖z‖ +
1
k
∑k
j=1 ‖ϕj(z)‖ ≤ ε. On the other hand, if we pick z ∈ BH with ‖z‖ > ε/2,
then z lies in at most one W (zj0 , αj0 , βj0), and that implies
∥∥∥z − 1k∑kj=1 ϕj(z)∥∥∥ =∥∥∥ zk − ϕj0(z)k ∥∥∥ ≤ 2k < ε, as we were expecting.
Set bj := ϕj ◦ a ∈ BC(K,H). Obviously, bj is a non-vanishing function. It
follows from (10) that
∥∥∥∥∥∥a− 1k
k∑
j=1
bj
∥∥∥∥∥∥ =
∥∥∥∥∥∥a− 1k
k∑
j=1
ϕj ◦ a
∥∥∥∥∥∥ ≤ ε. Furthermore, since
‖a(t0)‖ = |λ| ≥ 2ε > ε and W (xj , αj , βj) ∩ Rx0 ⊆ [−εx0, εx0], it follows that
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a(t0) = λx0 /∈ W (zj , αj , βj), for any j ∈ {1, · · · , k}, and thus bj(t0) = ϕj ◦ a(t0) =
a(t0) = λx0 ∈ Rx0, for every j ∈ {1, · · · , k}.
If we assume a(t0) = 0, we can argue as in the infinite dimensional case, and
thus, for 0 < ε < 1 we define a˜ ∈ BC(K,H), with a˜(t0) = (ε/2)x0 and such that
‖a − a˜‖ ≤ ε/2. Now we can apply the conclusions above which guarantee the
existence of k ∈ N, non-vanishing functions b1, · · · , bk ∈ BC(K,H) and such that
bj(t0) = (ε/2)x0, for every j ∈ {1, · · · , k}. The desired conclusion follows from the
inequality
∥∥∥∥∥∥a− 1k
k∑
j=1
bj
∥∥∥∥∥∥ ≤ ‖a− a˜‖+
∥∥∥∥∥∥a˜− 1k
k∑
j=1
bj
∥∥∥∥∥∥ < ε.
The rest of the argument is essentially in [45, Proof of Theorem 1]. It is shown
in the just quoted paper that, for each j ∈ {1, · · · , k} there exists a continuous field
ϑj : S(H)\B(zj , αj)→ S(H) (i.e. a continuous mapping satisfying (ϑj(z)|z) = 0 for
all z ∈ S(H)\B(zj, αj)). Taking vj := ϑj(
bj(·)
‖bj(·)‖
) we get the desired statement. 
Let K be a compact Hausdorff space, and let H be a real or complex Hilbert
space. For each t0 ∈ K and each x0 ∈ S(H) we set
A(t0, x0) := {a ∈ S(C(K,H)) : a(t0) = x0}.
It is not hard to check that A(t0, x0) is a maximal norm-closed proper face of
BC(K,H) and a maximal convex subset of S(C(K,H)). Actually, every maximal
convex subset of the unit sphere of C(K,H) is of this form.
Our next corollary is one of the main technical tools required for our main result.
Corollary 4.7. Let K be a compact Hausdorff space and let H be a complex Hilbert
space. Suppose t0 ∈ K and x0 ∈ S(H). Then every element in A(t0, x0) can be
approximated in norm by a finite convex combination of elements in A(t0, x0) ∩
∂e(BC(K,H)).
Proof. Take a ∈ A(t0, x0). By Lemma 4.6 can be approximated in norm by a finite
convex combination of non-vanishing functions in A(t0, x0) ∩ BC(K,H). Let b be a
non-vanishing functions in A(t0, x0) ∩ BC(K,H). The element u(·) =
b(·)
‖b(·)‖ lies in
A(t0, x0) and is a maximal tripotent in C(K,H) (i.e., an element in A(t0, x0) ∩
∂e(BC(K,H))).
To simplify the notation let us write E for C(K,H). Clearly, b is a her-
mitian element in the JB∗-algebra E2(u). Let A denote the JB
∗-subalgebra of
E2(u) generated by b and u. It is known that A is isometrically isomorphic
to a commutative unital C∗-algebra (cf. [32, Theorem 3.2.4]). The intersection
F = A(t0, x0) ∩ A ⊆ S(A) is a maximal norm-closed face of BA. Lemma 18 in [44]
guarantees that b ∈ F can be approximated in norm by a finite convex combination
of elements in F ∩ ∂e(BA). Every element in ∂e(BA) is a unitary element in A,
and hence a unitary element in E2(u). We further know from Lemma 4 in [52]
that every unitary element in E2(u) is an extreme point of BE. We can therefore
conclude that F ∩ ∂e(BA) ⊆ F ∩ ∂e(BE) ⊆ A(t0, x0) ∩ ∂e(BE), which finishes the
proof. 
The case of real Hilbert spaces is treated in the next result.
Corollary 4.8. Let K be a compact Hausdorff space and let H be a finite-dimen-
sional real Hilbert space with dim(H) = n ≥ 2. Suppose t0 ∈ K and x0 ∈ S(H).
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Then every element in A(t0, x0) can be approximated in norm by a finite convex
combination of elements in A(t0, x0) ∩ ∂e(BC(K,H)).
Proof. Let a be an element in A(t0, x0). Since a(t0) = x0 ∈ S(H), Lemma
4.6(b), for each ε > 0 small enough, there exist non-vanishing continuous func-
tions b1, . . . , bk in BC(K,H) such that bj(t0) = a(t0) = x0, for every j ∈ {1, . . . , k},
and
∥∥∥a− 1k∑kj=1 bj∥∥∥ ≤ ε. Furthermore, for each j in {0, . . . , k} there exit vj ∈
C(K,H) satisfying ‖vj(t)‖ = 1, and (bj(t)|vj(t)) = 0, for all t ∈ K, and thus
uj = bj + (1 − ‖bj(·)‖2)
1
2 vj , wj = bj − (1 − ‖bj(·)‖2)
1
2 vj both lie in ∂e(BC(K,H))
and bj =
1
2 (uj + wj). Having in mind that ‖a(t0)‖ = ‖x0‖ = 1, we can easily
see that uj(t0) = wj(t0) = bj(t0) = a(t0) = x0, which guarantees that uj , wj ∈
A(t0, x0) ∩ ∂e(BC(K,H)). Finally,∥∥∥∥∥∥a− 12k
k∑
j=1
(uj + wj)
∥∥∥∥∥∥ =
∥∥∥∥∥∥a− 1k
k∑
j=1
bj
∥∥∥∥∥∥ ≤ ε,
as desired. 
Let H be a real or complex Hilbert space, and let K be a compact Hausdorff
space. Let O 6= ∅ be an open subset of K. We set p := χ
O
the characteristic
function of O. Note that we cannot, in general, assume that p ∈ C(K).
Fix x0 ∈ S(H). Let us define some subsets of C(K,H) whose elements are
constant on A:
F = Fx0⊗p := {a ∈ S(C(K,H)) : ap = x0 ⊗ p},(11)
B = Bp := {a ∈ C(K,H) : ap = h⊗ p, for some h ∈ H},
N = Nx0p := {a ∈ C(K,H) : ap = µx0 ⊗ p, for some µ ∈ K},
where K = R if H is a real Hilbert space and K = C if H is a complex Hilbert
space.
It is not difficult to check that N and B are norm-closed subtriples of C(K,H)
with F ⊆ N ⊆ B ⊆ C(K,H).
Let us consider the mapping T : B → H defined by T (a) = a(t0) for each a ∈ B,
where t0 is any element in the open set O. Clearly T is linear. We further know that
T is a triple homomorphism. Indeed, if we take a, b, c ∈ B and write a(t0) = xa,
b(t0) = xb and c(t0) = xc the constant elements in the Hilbert space associated to
each function, we have that
T {a, b, c} = {a, b, c}(t0) =
1
2
〈a(t0)|b(t0)〉c(t0) +
1
2
〈c(t0)|b(t0)〉a(t0)
=
1
2
〈xa|xb〉xc +
1
2
〈xc|xb〉xa = {xa, xb, xc} = {T (a), T (b), T (c)}.
The restriction T |N : N → Kx0 ⊆ H also is a triple homomorphism and T |N(a) =
a(t0) = µax0 for every a ∈ N , where µa ∈ K.
We are now in position to present an extension of [44, Lemma 19] and Proposition
4.4 to the setting of continuous functions valued in a Hilbert space.
Proposition 4.9. Let K be a compact Hausdorff space and let H be a complex
Hilbert space. Suppose x0 ∈ S(H) and O 6= ∅ is an open subset of K. Let us denote
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p = χ
O
, N = {a ∈ C(K,H) : ap = µx0 ⊗ p, for some µ ∈ C}, and ϕ : N → C
the triple homomorphism defined by ϕ(a) = 〈a(t0)|x0〉 (a ∈ N), where t0 is any
element in O. Then the closed unit ball of Nϕ
R
:= ϕ−1(R) coincides with the closed
convex hull of its extreme points. Consequently, BNϕ
R
satisfies the strong Mankiewicz
property.
Proof. Let us pick a ∈ BNϕ
R
and any t0 ∈ O. Since ϕ(a) = λ ∈ R, we can assure
that a(t0) = λx0 ∈ Rx0. Without loos of generality, we can assume, via Lemma 4.6,
that a is a non-vanishing function. Define now u ∈ C(K,H) given by u(t) := a(t)‖a(t)‖ ,
for every t ∈ K. Observe that u ∈ ∂e(BC(K,H)). We further know that u lies in N
ϕ
R
because up = a(t0)|a(t0)|x0 ⊗ p and ϕ(u) =
a(t0)
|a(t0)|
.
To simplify the notation we set E = C(K,H). Since a ∈ E1(u) (actually a ∈
N1(u)), the JB∗-subtriple of E generated by a and u is JB∗-triple isomorphic
(and hence isometric) to a commutative unital C∗-algebra. Let A denote the JB∗-
subtriple generated by a and u. Since a, u ∈ N , it follows that A ⊆ N , and hence
the restriction ϕ|A : A → C is a non-zero triple homomorphism. By applying
Proposition 4.4 to the real JB∗-triple A
ϕ|A
R
we conclude that a ∈ A
ϕ|A
R
can be
approximated in norm by convex combinations of unitary tripotents in A
ϕ|A
R
.
Finally, every unitary element in A
ϕ|A
R
is a unitary element in the JB∗-algebra
E2(u). We observe now that, since u is an extreme point of BE, every unitary
element in E2(u) is an extreme point of BE (cf. [52, Lemma 4]), and thus every
unitary element in A
ϕ|A
R
belongs to ∂e(BNϕ
R
), because A
ϕ|M
R
⊆ Nϕ
R
. Theorem 4.1
gives the final statement. 
We shall next establish a real version of Proposition 4.9. For reasons which will
be better understood at the end of the next section, we shall restrict our interest
to the finite dimensional case.
Proposition 4.10. Let K be a compact Hausdorff space and let H be a finite-
dimensional real Hilbert space with dim(H) ≥ 2. Suppose x0 ∈ S(H) and O 6= ∅ is
an open subset of K. Let us denote p = χ
O
, and
N = {a ∈ C(K,H) : ap = µx0 ⊗ p, for some µ ∈ R}.
Then the closed unit ball of the real JB∗-triple N coincides with the closed con-
vex hull of its extreme points. Consequently, BN satisfies the strong Mankiewicz
property.
Proof. Every function a ∈ N is constant on the compact subset O. By replacing
K with the compact quotient space K˜ = K/O, we can assume without loss of
generality, that O is a single point t0 in K and N is the real JB∗-subtriple of
C(K,H) of all functions a ∈ C(K,H) such that a(t0) ∈ Rx0.
Let a ∈ BN . If a(t0) = 0, arguing as in the proof of Lemma 4.6(b), for each
0 < ε < 1, we can find a˜ ∈ BC(K,H), with a˜(t0) = (ε/2)x0 and such that ‖a −
a˜‖ ≤ ε/2. Clearly, a˜ ∈ BN and does not vanish on t0. By Lemma 4.6(b) applied
to a˜, there exist non-vanishing continuous functions b1, . . . , bk in BC(K,H) such
that bj(t0) = a˜(t0) = (ε/2)x0, for every j ∈ {1, . . . , k}, and
∥∥∥∥∥∥a˜− 1k
k∑
j=1
bj
∥∥∥∥∥∥ ≤ ε.
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Furthermore, for each j in {0, . . . , k} there exit vj ∈ C(K,H) satisfying ‖vj(t)‖ = 1,
and (bj(t)|vj(t)) = 0, for all t ∈ K.
To simplify the notation we write E = C(K,H). Let us fix a non-vanishing
function b ∈ BE with b(t0) ∈ Rx0 and v ∈ E satisfying ‖v(t)‖ = 1, and (b(t)|v(t)) =
0, for all t ∈ K. We set u(·) := b(·)‖b(·)‖ ∈ E. It is not hard to check that u and v
are tripotents in E with E2(u) = E
1(u) = C(K,R)u, E2(v) = E
1(v) = C(K,R)v,
{u, u, v} = 12v, and {v, v, u} =
1
2u.
Let us consider the real JB∗-subtriple F = E2(u)⊕E2(v) = C(K,R)u⊕C(K,R)v.
Clearly, N ∩ F is a non-trivial real JB∗-subtriple of F containing b. The mapping
Ψ : F → C(K), Ψ(fu + gv) = f + ig, is a surjective isometric triple isomorphism
between real JB∗-triples which maps N ∩ F to C(K)t0
R
= {h ∈ C(K) : h(t0) ∈
R}. It follows from [44, Lemma 19] that every element in the closed unit ball of
C(K)t0
R
(in particular Ψ(b)) can be approximated in norm by convex combinations
of unitary tripotents in C(K)t0
R
. Finally, if υ is a unitary element in C(K)t0
R
, then
w = ℜe(υ)u + ℑm(υ)v ∈ N ∩ F with w(t0) = ℜe(υ)(t0)u(t0) = υ(t0)u(t0) ∈ Rx0
and ‖w(t)‖2H = |ℜe(υ)(t)|
2 + |ℑm(υ)(t)|2 = 1, for all t ∈ K, witnessing that w ∈
∂e(BE). 
5. C(K,H) satisfies the Mazur–Ulam property
Throughout this section K and H will denote a compact Hausdorff space and a
complex Hilbert space with dim(H) ≥ 2, respectively.
Given an element y0 in a Banach space Y , we write τy0 for the translation by
the element y0, that is, τy0(y) = y + y0, for all y ∈ Y .
Our first lemma is essentially contained in [40] and [15, Lemma 2.1], and its
proof can be easily deduced from the arguments in the just quoted references.
Lemma 5.1. Let ∆ : S(C(K,H)) → S(Y ) be a surjective isometry, where Y is a
real Banach space. Then for each t0 ∈ K and each x0 ∈ S(H) the set
supp∆(t0, x0) := {ψ ∈ Y
∗ : ‖ψ‖ = 1, and ψ−1({1}) ∩ BY = ∆(A(t0, x0))}
is a non-empty weak∗-closed face of BY ∗ . 
In the hypothesis of the previous lemma, it is known that each A(t0, x0) is an
intersection face in the sense employed in [44]. Therefore, Lemma 8 in [44] assures
that ∆(−A(t0, x0)) = −∆(A(t0, x0)), and consequently,
(12) ψ∆(a) = −1, for all a ∈ −A(t0, x0), and all ψ ∈ supp∆(t0, x0).
The following technical lemma might be known, although an explicit reference
is out from our knowledge. We include here a proof, which seems to be new, and
is based on techniques of real JB∗-triples.
Lemma 5.2. Let (H, (.|.)) be a real Hilbert space, K a compact Hausdorff space,
and ϕ a non-zero functional in C(K,H)∗. Suppose there exist t0 ∈ K, x0 ∈ S(H),
and an open neighborhood O of t0 satisfying ϕ(b) = ‖ϕ‖ for every b ∈ A(t0, x0)
whose cozero-set is contained in O. Then ϕ(a) = ‖ϕ‖(a(t0)|x0) = ‖ϕ‖(x∗0⊗ δt0)(a),
for all a ∈ C(K,H).
Proof. Let us assume that ‖ϕ‖ = 1. Let 1 denote the unit element in C(K). Since
the element e = x0 ⊗ 1 is a non-zero tripotent in the real JB∗-triple C(K,H) with
e ∈ A(t0, x0), it follows from the hypothesis that ϕ(e) = ‖ϕ‖ = 1. An application
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of [47, Lemma 2.7] shows that ϕ(a) = ϕP 1(e)(a), for every a ∈ C(K,H). It is not
hard to see that
{e, a, e}(t) = (e(t)|a(t))e(t) = (a(t)|x0)x0 = x0 ⊗ (a|x0),
and hence P 1(e)(a) = (a|x0)x0 = x0 ⊗ (a|x0), and
ϕ(a) = ϕP 1(e)(a) = ϕ(x0 ⊗ (a|x0))
for every a ∈ C(K,H). This shows that ϕ = ϕ|C(K,Rx0) can be identified with
a norm-one functional in C(K,Rx0)
∗ ∼= C(K,R)∗. The norm-one functional ψ =
ϕ|C(K,Rx0) ∈ C(K,R)
∗ satisfies that ψ(f) = 1 for every f ∈ C(K) with ‖f‖ =
1 = f(t0). It is not hard to see, via Urysohn’s lemma, that ker(ψ) contains all
f ∈ BC(K,R) vanishing on a open neighborhood of t0 contained in O. Therefore, ψ
vanishes on every function f ∈ C(K) with f(t0) = 0, and thus ψ(g) = g(t0) for all
g ∈ C(K,R), and consequently ϕ(a) = (a(t0)|x0), for all a ∈ C(K,H). 
Accordingly to the notation in [44], given a face F contained in the unit sphere
of a Banach space X and λ ∈ [−1, 1] we set
Fλ := {s ∈ S(X) : dist(x, F ) ≤ 1− λ, dist(x,−F ) ≤ 1 + λ}
= {s ∈ S(X) : dist(x, F ) = 1− λ, dist(x,−F ) = 1 + λ} .
Let p be a projection in the bidual, A∗∗, of a C∗-algebra A∗∗. Following [1, 21],
we say that p is compact if p is closed relative to A (i.e. A ∩ (1 − p)A∗∗(1 − p) is
weak∗-dense in (1−p)A∗∗(1−p)) and there exists a norm-one element x ∈ A+ such
that p ≤ x (compare [1, page 422]). In our setting, for each closed (i.e. compact)
subset C ⊆ K, the projection χ
C
is compact in C(K)∗∗ and rarely lies in C(K).
As in [44], for λ ∈ [−1, 1], we define
FA(p, λ) := {x ∈ S(A) : xp = px = λp} = S(A) ∩ {λp+ y : y ∈ B(1−p)A∗∗(1−p)}.
We observe that FA(p, 1) = FA(p) = A∩(p⊕B(1−p)A∗∗(1−p)) is precisely the norm-
closed face of BA associated with the projection p (compare [1]). In [44, Lemma
17] it is established that, under these circumstances we have FA(p, λ) =
(
FA(p)
)
λ
.
Our next goal is to obtain a version of this fact in the setting of continuous functions
valued in a Hilbert space.
Lemma 5.3. Let C be a closed subset of K, and let x0 be a norm-one element in
H. Let p = χ
C
, and let Fx0⊗p be the set defined in (11). For each λ ∈ [0, 1] set
F (x0 ⊗ p, λ) := {a ∈ S(C(K,H)) : ap = λx0 ⊗ p} .
Then F (x0 ⊗ p, λ) = (Fx0⊗p)λ .
Proof. (⊇) Let a ∈ (Fx0⊗p)λ . We fix t0 ∈ C. For each ε > 0 there exist b ∈ Fx0⊗p
and c ∈ −Fx0⊗p such that ‖a(t0)−x0‖H ≤ ‖a− b‖ < 1−λ+ ε and ‖a(t0)+x0‖H ≤
‖a− c‖ < 1 + λ+ ε. The arbitrariness of ε > 0 implies that ‖a(t0)− x0‖H ≤ 1− λ
and ‖a(t0) + x0‖H ≤ 1 + λ, which proves that a(t0) = λx0.
(⊆) Let us take a ∈ F (x0 ⊗ p, λ). To simplify the notation, let us write E =
C(K,H). Since H is a (complex) Hilbert space, we can identify E∗∗ with the
Banach space C(K˜, (H,w)) of all continuous functions from K˜ to H when this
latter space is provided with its weak topology, where K˜ is a compact Hausdorff
space such that C(K)∗∗ ≡ C(K˜) (see [11, Theorem 2]).
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The set Fx0⊗p is a proper norm-closed face of BE , it is actually the face associated
with the compact tripotent e = x0 ⊗ p ∈ E
∗∗ ≡ C(K˜, (H,w)). It has been recently
shown in [6, Theorem 3.6] that the weak∗-closure of Fx0⊗p in E
∗∗ is precisely the
proper weak∗-closed of BC(K,H)∗∗ associated with the compact tripotent e, that
is, Fx0⊗p
w∗
= FE
∗∗
e = e + BE∗∗0 (e). Clearly, the element e + a(1 − p) belongs to
FE
∗∗
e = e+BE∗∗0 (e) and ‖a−(e+a(1−p))‖ = ‖λx0⊗p−x0⊗p‖ = 1−λ.We deduce
that dist(a, Fx0⊗p
w∗
) ≤ 1−λ. Now, an application of the Hahn-Banach separation
theorem gives dist(a, Fx0⊗p) = dist(a, Fx0⊗p
w∗
) ≤ 1− λ. If in the above argument
we replace e + a(1− p) by −e+ a(1 − p), we derive dist(a,−Fx0⊗p) ≤ 1 + λ. 
The following proposition is a first step to obtain a linear extension of a surjective
isometry between the unit spheres of C(K,H) and any Banach space Y . We shall
show that such isometries are affine on the maximal proper faces of BC(K,H) using
an adaptation of the arguments in [44, Proposition 20].
Proposition 5.4. Let ∆ : S(C(K,H)) → S(Y ) be a surjective isometry, where
Y is a real Banach space. Suppose t0 ∈ K and x0 ∈ S(H). Then there exist a
net (Rλ)λ of convex subsets of A(t0, x0) and a net (θλ)λ of affine contractions from
A(t0, x0) into Rλ such that θλ → Id in the point-norm topology. Moreover, for each
λ, Rλ satisfies the strong Mankiewicz property and ∆(Rλ) is convex. Consequently
∆|A(t0,x0) is affine.
Proof. Fix x0 ∈ S(H) and t0 ∈ K. Let us write ϕ0 = x∗0 ⊗ δt0 ∈ S(C(K,H)
∗), and
consider the norm-closed inner ideal of C(K,H)
L = {b ∈ C(K,H) : ‖b‖ϕ0 = 0} = {b ∈ C(K,H) : b(t0) = 0},
where ‖b‖2ϕ0 = ϕ0 {b, b, x0 ⊗ 1} for each b ∈ C(K,H). We can always find, via
Urysohn’s lemma, two nets (fλ)λ, (eλ)λ in C(K) satisfying the following properties:
0 ≤ eλ ≤ fλ ≤ 1, eλfλ = eλ for every λ ∈ Λ, eµ ≥ eλ and fµ ≥ fλ for every µ ≥ λ,
and
‖fλb− b‖ →
λ
0, ‖bfλ − b‖ →
λ
0, ‖eλb− b‖ →
λ
0, and ‖beλ − b‖ →
λ
0, ∀b ∈ L.
We shall say that (fλ)λ and (eλ)λ are module-approximate units for L. We can
actually assume that each fλ (and hence each eλ) vanishes on an open neighborhood
of t0.
We define now θλ : C(K,H)→ C(K,H), θλ(c) := x0 ⊗ (1− eλ) + ceλ. Since for
each a ∈ A(t0, x0) the element a− x0 ⊗ 1 belongs to L, we deduce that
‖θλ(a)− a‖ = ‖(a− x0 ⊗ 1)eλ − (a− x0 ⊗ 1)‖ →
λ
0.
Clearly θλ is an affine mapping for every λ, and c ∈ BC(K,H), θλ(c) lies in A(t0, x0).
Finally it is worth noting that θλ is contractive.
From now on we fix a subindex λ, and thus we shall write e, f and θ for eλ, fλ and
θλ, respectively. Let us consider the open subset O ⊆ K given by A = (1−f)−1(R\
{0}). By construction t0 ∈ O and p := χO ∈ C(K)
∗∗ is the range projection of
(1− f) in C(K)∗∗.
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We consider next the norm-closed subtriples F ⊆ N ⊆ B ⊆ C(K,H) defined in
(11), that is,
F = Fx0⊗p := {a ∈ S(C(K,H)) : ap = x0 ⊗ p},
B = Bp := {a ∈ C(K,H) : ap = h⊗ p, for some h ∈ H},
N = Nx0p := {a ∈ C(K,H) : ap = µx0 ⊗ p, for some µ ∈ C}.
Given a ∈ A(t0, x0), we have θ(a)(1 − f) = x0 ⊗ (1 − f), which proves that
θ(a) ∈ F . We therefore conclude that θ|A(t0,x0) : A(t0, x0)→ F ⊆ A(t0, x0).
As we previously commented in section 4, we cannot, in general, assume that
p ∈ C(K), so, we shall distinguish the different cases.
Case 1: We assume that p ∈ C(K). In this case we consider the following norm-
closed face of BC(K,H)
R = Rλ = (x0 ⊗ p) + Bp⊥C(K,H) = F ⊆ A(t0, x0),
where Bp⊥C(K,H) ≡ BC((1−p)K,H). Proposition 4.5 implies thatR satisfies the strong
Mankiewicz property because the translation τ−x0⊗p is surjective affine isometry.
It is not hard to see that
θ(a) = x0 ⊗ (1− e) + ae = x0 ⊗ p+ (x0 ⊗ (1 − e− p)) + ae ∈ R,
and thus θ(A(t0, x0)) ⊆ R.
Having in mind that R is an intersection face in the sense employed in [44,
Lemma 8], the just quoted result implies that ∆(F ) also is an intersection face,
and in particular a non-empty convex set. Since R satisfies the strong Mankiewicz
property we deduce that ∆|R is affine.
Case 2: We assume that p /∈ C(K). We claim that, in this case, O∩(K \O) 6= ∅.
Otherwise, O∩ (K \O) = ∅, and hence K = O∪˚(K \O) ⊆ O∪˚(K \O) ⊆ K, which
proves that O is clopen. Therefore p = χ
O
is continuous, leading to a contradiction.
Following the construction in Section 4, we shall consider the linear mapping
T : B → H given by T (a) = a(t0) for each a ∈ B. We have seen in Section 4 that
T is a triple homomorphism. Let us now take a ∈ B and write a(t0) = xa. By
applying that O ∩ (K \ O) 6= ∅ we deduce that ‖a‖ = ‖a|(K\O)‖ ≥ ‖a|O‖ = ‖xa‖.
It follows that ‖T (a)‖ = ‖a(t0)‖ = ‖xa‖ ≤ ‖a‖. The arbitrariness of a ∈ B proves
that T is continuous and contractive.
Since N is a JB∗-triple of B the restriction T |N : N → H also is a triple
homomorphism, and thus the linear functional ϕ ≡ x∗0◦T |N : N → C is a continuous
triple homomorphism. Proposition 4.9 now assures that the closed unit ball of
Nϕ
R
:= ϕ−1(R) satisfies the strong Mankiewicz property.
In this case we set
Rλ = R := (x0 ⊗ (1− f)) + fBNϕ
R
⊆ A(t0, x0).
Clearly R satisfies the strong Mankiewicz property.
Let us take a ∈ F . Since (1−f)a = x0⊗(1−f), we deduce that a = (1−f)a+fa =
x0 ⊗ (1 − f) + fa, with ap = x0 ⊗ p, ‖a‖ = 1 and ϕ(a) = 1. We have therefore
shown that F ⊆ R.
Let us show that θ(A(t0, x0)) ⊆ R. Namely, for each a ∈ A(t0, x0) we write
θ(a) = (x0 ⊗ (1− e)) + ae = (x0 ⊗ (1− f)) + x0 ⊗ (f − e) + ae
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= (x0 ⊗ (1 − e)) + f (x0 ⊗ (1 − e) + ae) ,
where p (x0 ⊗ (1− e) + ae) = x0 ⊗ p and ϕ (x0 ⊗ (1− e) + ae) = 1, which shows
that θ(a) ∈ R.
We shall next show that ∆(R) is convex. The rest of the proof is just an adapta-
tion of the proof of [44, Lemma 20], the argument is included here for completeness.
Let us follow the notation in [44]. Given γ ∈ [−1, 1] we define hγ : [0, 1]→ [−1, 1],
hγ(t) := t+ (1− t)γ. For i ∈ {1, 2} and m ∈ N we set
Gim := A(t0, x0)
⋂

2m⋂
k=1
χ
[ 2k−2+i
2m
,
2k−1+i
2m
]
(1−f) 6=0
F
(
x0 ⊗ χ
[ 2k−2+i
2m
,
2k−1+i
2m
]
(1 − f), hγ(
k
m
)
) ,
and Him(γ) := A(t0, x0) ∩ N 1
m
(Gim(γ)), where Nδ(G
i
m(γ)) is the δ-neighborhood
around Gim(γ).
Given γ1, γ2 ∈ [−1, 1] and α ∈ [0, 1], Lemma 5.3 and [44, Lemma 10] assure that
for γ3 = αγ1 + (1− α)γ2 we have
αGim(γ1) + (1− α)G
i
m(γ2) ⊆ G
i
m(γ3),
and
αHim(γ1) + (1− α)H
i
m(γ2) ⊆ H
i
m(γ3).
Following the ideas in the proof of [44, Proposition 20] we shall next show that
(13) R(γ) := {a ∈ A(t0, x0) : pa = x0 ⊗ hγ(1− f)} =
⋂
m∈N
(
H1m(γ) ∩H
2
m(γ)
)
.
(⊆) Consider the function gm : [0, 1]→ R given by
gm(t) :=

γ, if t = 0
hγ(
k
m
), if t ∈ [ 2k−12m ,
2k
2m ] with k ∈ {1, . . . ,m}
affine, in the rest.
By definition ‖gm − hγ‖C(K) ≤
1
m
and (gm − hγ)(0) = 0, which assures that (gm −
hγ)(1 − f) = p(gm − hγ)(1− f) ∈ pC(K). For each a ∈ R(γ) we have
p
(
a+ x0 ⊗ (gm − hγ)(1 − f)
)
= x0 ⊗ hγ(1 − f) + x0 ⊗ (gm − hγ)(1 − f)
=
m∑
k=1
x0 ⊗ hγ(
k
m
)χ
[
2k−1
2m
, 2k
2m
]
(1− f),
therefore bm := a + x0 ⊗ (gm − hγ)(1 − f) ∈ G1m(γ) and ‖a− bm‖ = ‖x0 ⊗ (gm −
hγ)(1− f)‖ ≤ ‖gm − hγ‖ ≤
1
m
, witnessing that a ∈ H1m(γ). We can similarly show
that a ∈ H1m(γ) for every natural m.
(⊇) Take now a ∈
⋂
m∈N
(
H1m(γ) ∩H
2
m(γ)
)
. For each natural m, we can find
bim ∈ G
i
m(γ) satisfying ‖a − b
i
m‖ ≤
1
m
. Let us consider the projection pim =
m∑
k=1
χ
[
2k−2+i
2m
,
2k−1+i
2m
]
(1− f) ∈ C(K)∗∗, where i ∈ {1, 2}. Since bim ∈ G
i
m(γ), we have
‖x0 ⊗ hγ(1− f)pim − b
i
mp
i
m‖ ≤
1
m
, and hence
‖apim−x0⊗hγ(1−f)p
i
m‖ ≤
2
m
, and ‖a(p1m+p
2
m)−x0⊗hγ(1−f)(p
1
m+p
2
m)‖ ≤
2
m
,
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for every natural m. Having in mind that p1m + p
2
m = χ[ 1
2m
,1]
(1 − f), we deduce
that ap = x0 ⊗ hγ(1 − f), which finishes the proof of (13).
Finally, since clearly R =
⋃
γ∈[−1,1]R(γ) and by [44, Lemma 11]
∆−1(α∆(R(γ1)) + (1− α)∆(R(γ2))) ⊆
⋂
m∈N
(
H1m(γ3) ∩H
2
m(γ3)
)
,
for all α ∈ [0, 1], γ1, γ2 ∈ [−1, 1] and γ3 = αγ1 + (1 − α)γ2, we prove that ∆(R) is
convex.
Summarizing, we have proved that each Rλ satisfies the strong Mankiewicz
property, ∆(Rλ) is convex, θλ(A(t0, x0)) ⊆ Rλ and ‖θλ(a) − a‖ → 0 for each
a ∈ A(t0, x0). Therefore ∆|Rλ is an affine mapping, and consequently, ∆|A(t0,x0) is
affine too. 
We shall need a more elaborated discussion on the conclusions of Proposition
5.4.
Proposition 5.5. Let ∆ : S(C(K,H))→ S(Y ) be a surjective isometry, where Y
is a real Banach space. Suppose t0 ∈ K and x0 ∈ S(H). Then for each ψ ∈ Y ∗
there exist φ0 in C(K,H)
∗
R
and γ0 ∈ R satisfying ‖φ0‖ ≤ ‖ψ‖ and
ψ∆(a) = φ0(a) + γ0, for all a ∈ A(t0, x0).
Proof. Let us fix t0 ∈ K and x0 ∈ S(H). Let us fix ψ ∈ Y
∗. We can assume,
without loos of generality, that ‖ψ‖ = 1. By Proposition 5.4 and its proof there
exist a net (Rλ)λ of convex subsets of A(t0, x0) and a net (θλ)λ of affine contractions
from A(t0, x0) into Rλ such that θλ → Id in the point-norm topology. Moreover,
for each λ, Rλ satisfies the strong Mankiewicz property and ∆(Rλ) is convex. We
further know that one of the following statements hold for each Rλ:
Case 1: Rλ = (x0 ⊗ p) + B(1−p)C(K,H), where p is a projection in C(K). We
consider in this case the surjective isometry ∆λ : B(1−p)C(K,H) → ∆(Rλ) defined
by the following diagram:
Rλ
∆|Rλ //
τ−x0⊗p

∆(Rλ)
B(1−p)C(K,H)
∆λ
88
q
q
q
q
q
q
By Proposition 4.5 and Theorem 4.1 there exist cλ ∈ ∆(Rλ) and a linear isometry
Tλ : (1− p)C(K,H)→ Y such that ∆(b) = cλ + Tλ(b − x0 ⊗ p) for all b ∈ Rλ. By
regarding Tλ as a linear contraction, T˜λ, from C(K,H) to Y defined by T˜λ(a) :=
Tλ(a(1− p)), we deduce that
ψ∆(b) = γλ + φλ(b), for all b ∈ Rλ,
where γλ = ψ(cλ) is a real number in [−1, 1] and φλ = ψ ◦ T˜λ ∈ BC(K,H)∗
R
.
Case 2: Rλ = (x0 ⊗ (1 − fλ)) + fλBNϕ
R
, where fλ ∈ S(C(K)) with 0 ≤ fλ ≤ 1,
pλ ∈ C(K)∗∗\C(K) is the range projection of 1 − fλ and Nλ is the JB∗-subtriple
of C(K,H) defined by Nλ = {a ∈ C(K,H) : apλ = µx0 ⊗ pλ, for some µ ∈ C}.
Furthermore, suppose pλ is the characteristic function of the open set Oλ, then
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we have Oλ ∩ (K \ Oλ) 6= ∅. We consider in this case the surjective isometry
∆λ : fλBNϕ
R
→ ∆(Rλ) defined by the following diagram:
Rλ
∆|Rλ //
τ−x0⊗(1−fλ)

∆(Rλ)
fλBNϕ
R
∆λ
::
✉
✉
✉
✉
✉
Proposition 4.9 assures that fλBNϕ
R
satisfies the strong Mankiewicz property, and
hence ∆λ is affine. Since fλ(1 − pλ) = 1 − pλ, we can easily deduce that the
mapping Φλ : a 7→ fλa is a surjective affine isometry from BNϕ
R
onto fλBNϕ
R
. Let
zλ := ∆(x0 ⊗ (1− fλ)). We complete now the previous diagram
Rλ
∆|Rλ //
τ−x0⊗(1−fλ)

∆(Rλ)
τ−zλ

fλBNϕ
R
∆λ
88
r
r
r
r
r
r
Fλ //
Φ−1

∆(Rλ)− zλ
BNϕ
R
Tλ
88
r
r
r
r
r
r
The mappings Tλ = ∆λ−zλ and Tλ are affine and map zero to zero. Let T˜λ : N
ϕ
R
→
Y be a bounded linear operator whose restriction to BNϕ
R
is Tλ. Clearly, ‖T˜λ‖ ≤ 1.
Let φλ ∈ BC(K,H)∗
R
be a Hahn-Banach extension of ψ ◦ T˜λ ◦Φ−1 ∈ (N
ϕ
R
)
∗
. It follows
from the previous diagram that
ψ∆(b) = φλ(b) + γλ,
for every b ∈ Rλ, where γλ = −φλ(x0 ⊗ (1 − fλ)) + ψ(zλ) is a real number in the
interval [−2, 2].
We have therefore shown that for each index λ there exist a functional φλ in
BC(K,H)∗
R
and a real γλ ∈ [−2, 2] satisfying
(14) ψ∆(b) = φλ(b) + γλ, for every b ∈ Rλ.
Having in mind that BC(K,H)∗
R
is weak∗-compact (and the compactness of BR), we
can find φ0 ∈ BC(K,H)∗
R
, γ0 ∈ R, and common subnets (φµ)µ and (γµ)µ converging
to φ0 and to γ0 in the weak
∗ and norm topologies of C(K,H)∗
R
and R, respectively.
Since, for each a ∈ A(t0, x0) the net (θµ(a))µ ⊆ Rλ converges in norm to a, we can
easily deduce from (14) that ψ∆(a) = φ0(a) + γ0, for every a ∈ A(t0, x0). 
We can now state the main result of this section.
Theorem 5.6. Let K be a compact Hausdorff space and let H be a complex Hilbert
space. Then the Banach space C(K,H) satisfies the Mazur–Ulam property (as a
real Banach space), that is, for each surjective isometry ∆ : S(C(K,H)) → S(Y ),
where Y is a real Banach space, there exists a surjective real linear isometry from
C(K,H) onto Y whose restriction to S(C(K,H)) is ∆.
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Proof. Let us fix t0 ∈ K, x0 ∈ S(H), and ψ ∈ supp∆(t0, x0) (cf. Lemma 5.1). We
first observe that if K = {t0}, then C(K,H) is isometrically isomorphic to H , and
thus the desired conclusion follows, for example, from [6, Proposition 4.15].
We claim that
(15) ψ∆(u) = ℜe〈u(t0)|x0〉, for all u ∈ ∂e(BC(K,H)).
Let us take t1 ∈ K\{t0} and open neighborhoods O1, O2 and O3 such that
O1 ⊂ O2, t0 ∈ O1, t1 ∈ O3, and O2 ∩ O3. Let f, g ∈ C(K) whose cozero-
sets are contained in O2 and O3, respectively, f(t0) = 1 and g(t1) = 1. Given
u ∈ ∂e(BC(K,H)), Proposition 5.5, applied to the face A(t1, u(t1)) and ψ, implies
the existence of a functional φ ∈ BC(K,H)∗
R
and a real γ satisfying
(16) ψ∆(a) = φ(a) + γ, for all a ∈ A(t1, u(t1)).
For each b ∈ A(t0, x0), the elements gu ± fb ∈ A(t0, x0) belong to A(t1, u(t1))
and to ±A(t0, x0). Combining (16), Lemma 5.1 and (12), we get
±1 = ψ∆(gu± fb) = ±φ(fb) + φ(gu) + γ = ±φ(fb) + ψ∆(gu).
We therefore deduce that ψ∆(gu) = 0 and φ(fb) = 1 for every b ∈ A(t0, x0) and
every f as above. In particular, φ(fb) = 1 for every b ∈ A(t0, x0) whose cozero-set is
contained in O1. Lemma 5.2 assures that φ(a) = ℜe〈a(t0)|x0〉, for all a ∈ C(K,H).
Since u ∈ A(t1, u(t1)), (16) implies that φ(u) = ℜe〈u(t0)|x0〉, which finishes the
proof of the claim in (15).
Now, Corollary 4.7 combined with (15) and the final conclusion in Proposition 5.4
prove that ψ∆(a) = ℜe〈a(t0)|x0〉, for all a in a maximal face of the form A(t2, x2)
with t2 ∈ K,x2 ∈ S(H). Since every a ∈ S(C(K,H)) belongs to a maximal face of
the form A(t2, x2) with t2 ∈ K,x2 ∈ S(H), we conclude that
(17) ψ∆(a) = ℜe〈a(t0)|x0〉, for all a ∈ S(C(K,H)).
Finally, we consider the families {ℜex∗0⊗δt0 : t0 ∈ K,x0 ∈ S(H)} ⊆ S(C(K,H)
∗
R
)
and {ψ : ψ ∈ supp∆(t0, x0), t0 ∈ K,x0 ∈ S(H)} ⊆ S(Y
∗). Since the first family is
norming for C(K,H), the desired conclusion follows from (17) and [44, Lemma 6]
(alternatively, [23, Lemma 2.1]). 
The conclusion of Theorem 5.6 in the case H = C is a consequence of [44,
Theorem 1]. The case in which H is a real Hilbert spaces is not fully covered by our
theorem. R. Liu proved in [40, Corollary 6] that C(K,R) satisfies the Mazur–Ulam
property whenever K is a compact Hausdorff space. Let H = ℓ2(Γ,R) be a real
Hilbert space with inner product (·|·). Suppose dim(H) is even or infinite. We can
write Γ as the disjoint union of two subsets Γ1,Γ2 for which there exists a bijection
σ : Γ1 → Γ2. Let H = ℓ2(Γ1) denote the usual complex Hilbert space with inner
product 〈·|·〉, and (HR,ℜe〈·|·〉) the underlying real Hilbert space. The mapping
(λj)j∈Γ1 +
(
λσ(j)
)
j∈Γ1
7→
(
λj + iλσ(j)
)
j∈Γ1
is a surjective real linear isometry from
H onto HR. The next result is a straightforward consequence of our previous
Theorem 5.6.
Corollary 5.7. Let K be a compact Hausdorff space and let H be a real Hilbert
space with dim(H) even or infinite. Then the real Banach space C(K,H) satisfies
the Mazur–Ulam property.
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There are certain obstacles that prevent to apply the tools developed in Propo-
sition 4.9, and Lemma 5.3 in the case of C(K,H) when H is a finite-dimensional
real Hilbert space with odd dimension. The difficulties in Proposition 4.9 can be
solved with Proposition 4.10. If in the proof of Lemma 5.3, Theorem 3.6 replaces
[6, Theorem 3.6] then the same conclusion holds for real Hilbert spaces. It is a bit
more laborious, but no more than a routine exercise, to check that the arguments
in Propositions 5.4 and 5.5 and Theorem 5.6 are literally valid to get the following
result.
Corollary 5.8. Let K be a compact Hausdorff space and let H be a finite-dimen-
sional real Hilbert space with odd dimension. Then the real Banach space C(K,H)
satisfies the Mazur–Ulam property.
The pioneer achievements of M. Jerison provide generalized versions of the
Banach–Stone theorem for spaces of vector-valued continuous functions. Combin-
ing Theorem 5.6 and Corollary 5.7 with the Banach–Stone theorem in [30, Theorem
7.2.16] (see also [30, Definition 7.1.2]) we obtain next a description of the surjective
isometries between the unit spheres of two C(K,H) type spaces.
Corollary 5.9. Let K1,K2 be two compact Hausdorff spaces, let H be a real or
complex Hilbert space, and let Y be a strictly convex real Banach space. Suppose
∆ : S(C(K1, H)) → S(C(K2, Y )) is a surjective isometry. Then there exist a
homeomorphism h : K2 → K1 and a mapping which maps each t ∈ K2 to a
surjective linear isometry V (t) : H → Y , which is continuous from K2 into the
space B(H,Y ) of bounded linear operators from H to Y with the strong operator
topology, such that
∆(a)(t) = V (t)(a(h(t))),
for all a ∈ S(C(K1, H)), t ∈ K2. 
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